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The theory of causal sets is an attempt at a successful quantum theory of gravity.
It is widely expected that any theory of quantum gravity should give rise to a discrete
structure to spacetime geometry. This supposition rests upon three features of successfully
quantized theories. The first is that quantization usually leads to some form of discrete
object, or quantum, which is the source of the term “quantization”. The second is the
need for renormalization of field theories (which is not alleviated by including gravity,
using the usual perturbative approach to quantization, as had once been hoped). An
ultraviolet cutoff is introduced, which can be imagined to be either the mathematical
manifestation of an underlying theory that contains new structures at some scale (for
example the “GUT” fields, strings, etc.) or simply the result of the breakdown of the
manifold picture at this same scale. Thirdly, quantized fields exhibit the phenomenon
of virtual particles of unlimited energies at short length scales. The ccupling of gravity
to such quantized fields should induce infinite curvatures of the manifold at short scales,
thereby dynamically prohibiting a manifold structure. The theory of causal sets begins
with a discrete structure. The classical spacetime manifold is expected to emerge as an
approximation (in a large grain limit) to the class of causal sets which dominate a sum
over causal sets, each causal set being weighted by the exponentiation of an appropriately
defined “action functional”.

In order for this theory to be successful, several questions need to be addressed. Some
of these are directed at the relationship between the causal set theory and the geometry of
classical spacetime. Other questions are related to the quantization of the causal set theory
and inclusion of quantum fields into the theory’s framework. This work addresses the
relation between causal sets and classical gravity (specifically the issues of embeddability
of a certain class of causal sets known as the binomial partial orders into manifolds), and
the recovery of locality for those causal sets which are embeddable into classical manifolds,
a necessity for the successful behavior of the theory in the classical regime as well as the
inclusion of quantum fields.

This work is divided into five main parts. The first gives an overview of the theory of
causal sets. The second deals with the issue of the embeddability of the binomial partial

order into manifolds. The third part discusses the locality issue. The fourth treats the still
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unsolved problem of enumerating causal sets consisting of a finite number of elements. The
fifth contains a discussion of some open questions and speculations on the further progress

of the theory. The work finishes with two appendices listing the computer codes used.
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Part I

Introduction to Causal Sets

The theory of causal sets is based upon the mathematics of partial orders. A set S
has a partial order defined on it if there is a relation < between elements of S that obeys

the following rules:

irreflexivity : = Az,
transitivity : ¢ <y and y<z=z <z

[A more standard definition has reflexivity, x < x, with the added condition that if z <y
and y < z then z = y.]"

When the set S is discrete the partial order can be pictured as a graph. Some graphs of
this type will be presented in this work, using the convention that @ < b will be diagrammed
so that a will be higher on the page than b and there will be a path from a to b which is
always upward directed.

As a simple but non-trivial example, consider the set S = {a,b,c,d,e, f} with the
partial order:

a < {b,c,d,e, f},
b < {d,e},
c < {d,e, f},
d < {e}.
This is depicted in Figure 1.
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Fig'ure 1

Notice that only those relations which are not implied by transitivity have been drawn;
such relations will be called links. Also note that while f appears higher on the page than

b, they are not related since there is no path from b to f which is always upward directed.

In calculations, partially ordered sets are represented by matrices. One assigns a

labelling to the points by integers and then defines the causal (aka incidence) and link

matrices. The causal (incidence) matrix C has element

0, otherwise.

The link matrix L has element

{1, 1<jand Akst. i <k<j
0, otherwise.

It is easily demonstrated that
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L=C-0C,

where matrix multiplication is done using Boolean arithmetic. [Recall that Boolean arith-
metic has the numbers 0,1 replaced by the logical values false,true and the operations of
multiplication and addition replaced by the operations of AND and OR.]

For the partially ordered set in Figure 1, C and L are:

011111 011000
000110 0 001 00O
C= 0 00 111 I = 0 00 101
000010} 0000710}
0 00 0 OO 0 000 0O
0 00 0O0O 0 00 0 0O
with the labelling
a1 de—4
be2 e—d
c—3 fe6.

Before introducing causal sets it will be useful to define the concept of local finiteness.
A partially ordered set S is locally finite if for every a , ¢ € S, there are a finite number
of elements b € S such that a < b < ¢
(b is said to lie in the interval [a,c]). Notice that any locally finite partially ordered set is
necessarily discrete.

A simple example is S=Z, the set of integers with m < n iff m <n. This is locally
finite as the number of elements j in Z such that i<j<k
for i,k € Z is k —i — 1, a finite number. This is an example of a locally finite partiaily
ordered set with an infinite number of elements.

A causal set is a locally finite partially ordered set. Causal sets are physically moti-
vated by the observation that for Lorentzian manifolds (i.e. manifolds upon which an ev-
erywhere Lorentzian metric is defined), the relation between two points of being causally re-

lated satisfies the properties of a partial order. This gives a partial order to any Lorentzian

manifold.
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[Actually, partial orders do not admit structures which are discrete analogs of closed
time-like curves. This is because any two points, say x and y, on such a curve will have
both x<y and y<x. In the first definition of a partial order relation these relations and
transitivity imply x<x (and y<y) which violates the condition of irreflexivity. The second
definition of a partial order relation demands that these two relations imply that x=y,
and so the entire closed timelike curve will be represented by a single point in the partial
order. Thus, any Lorentzian manifold which contains closed timelike curves cannot be a
large grain approximation to a causal sci. This is either an advantage or disadvantage
depending on one’s taste for closed time-like curves.]

Since any manifold with a well behaved (e.g. globally hyperbolic) metric will have
a finite volume Alexandrov neighborhood between causally related points which are suffi-
ciently “close” to each other (in a topological sense), this allows a connection between the
notions of volume of an Alexandrov neighborhood and number of points in an interval.
The specifics of this connection will be discussed below.

A causal set S is embeddable into a Lorentzian manifold M if there is a one to one
mapping ¢ : S — M between the elements of the causal set and a discrete set of points in
the manifold such that when a < b, a,b € S, then ¢(b) € J7(¢(a)), where J*(p) is the set
of points in M that are to the causal future of p € M.

Given a manifold M with a volume element dV, a sprinkling is a random set of points
of M chosen according to a Poisson process, i.e. the expected number of points in any
region Ris = [pdV.

A causal set S is faithfully embeddable into a Lorentzian manifold M if there is a one

to one mapping ¢{¥) : § — M such that #F)(8) is a sprinkling of M.

[The theory of causal sets postulates the causal set as the primary physical object.
The manifolds of classical physics are imagined to emerge in some appropriate limit of a
quantum theory of causal sets. The interpretation of partial order relations in the causal set
going over to causal relations of a manifold provides a natural explanation for the observed
signature of the metric. Causal sets will only be faithfully embeddable into manifolds with
one time-like direction. Nothing can be said about the dimension of the manifold (i.e. the

number of space-like directions). This information will have to emerge dynamically.]

4

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Given a partially ordered set S, a subposet S’ C S is a partially ordered set (given as
a subset of S) with the order relations inherited fl;om those of S.

One method of coarse-graining a causal set S is to select a subposet S'. The selection
can be arbitrary or according to some set of ruies. Other methods of coarse-graining can
be imagined.

The theory of causal sets, when complete, will include some prescribed method of
coarse-graining so that the sum over causal sets will be dominated by causal sets which
have coarse-grainings that can be faithfully embedded into a Lorentzian manifold (at a
reduced density corresponding to the degree of coarse-graining).

To illustrate this vaguely expressed notion, imagine an action functional which is
extremized by an infinite chain of diamond-shaped link structures, as illustrated in Figure

2.

Figure 2

This causal set can be embedded in 2-dimensional Minkowski spacetime M2, but not
faithfully so. This is because there is no sprinkling of M? which looks like a string of
diamonds. If we choose a subposet S’ to consist of, say, all the points where the diamon ds
touch then S’ can be faithfully embedded into 1-dimensional Minkowski spacctime M
(which is just R! with metric ds? = —dt?).

This concludes the discussion on the general ideas of the causal set theory. The re-

5
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maining parts of this work will focus on more specific details of the program.
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Part II

The Embeddability of the Binomial Poset

Given a causal set, one would like to ascertain a number of its features. Among these
is the issue of whether the causal set can be embedded into a manifold and the topological
properties of any manifolds (if any) into which the set can be embedded. An important
feature of a manifold’s topology is its dimension. One might make a determination of
this by locating subposets of the causal set to be embedded which are “markers” of di-
mension, i.e. subposets which can only be embedded into manifolds of some minimum
dimension. This part explores the embedding question for a class of posets known as the
binomial posets (“binomial” as they consist of 2N elements arranged in layers, the A"
layer containing (ﬁ) elements, for integers M, N) into some simple (i.e. containing some
symmetries) manifolds. The binomial posets are also interesting because any poset can be
viewed as a subposet of some binomial poset.

The binomial poset on N elements, By, consists of all subsets of the N elements, with

the partial order relation being that of inclusion.
The binomial set on 1 element, B;, consists of all the subsets of {a}.
So B; = {0,a} with § < a.
B, consists of all subsets of {a,b}. So By = {0, {a}, {b},{a,b}} with
0 < {{a},{8},{a,3}},
{a} < {a,b},
{6} < {a,b}.
B; consists of all subsets of {a,b,c}. So Bs = {0, {a}, {b},{c},{q,b},{a,c},
{b,c},{a,b,c}} with
0 < {{a},{},{c},{a,b},{a,c},{b,c},{a;b;c}},
{a} < {{a,},{a,c},{a,b,c}},
{8 < {{a,5h, {8, ch, {a, b, e},

7
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{c} < {{a,c},{b,c},{a,b,c}},
{a,b} < {a,b,c},
{a,c} < {a,b,c},
{b,c} < {a,b,¢c}.

The graphs for these are shown in Figure 3.

{a,b,c}

} / I \
{a} / \ {a,b} {a,c} {b,c}
{a} {b} [ b: ]
{} }

Bl BZ B3

{a,b

Figure 3

Higher Byy'’s are constucted analogously.
An alternative way of defining the binomial poset By is pessible. Consider an or-

thonormal set of vectors {#;} in RY, where 1 < 7 <N. Then each element of Bx corre-

sponds to a vector sum
)
v = Zai(k)-’éi,
i=1
where the a;(¥) € {0,1}. The order relation is
(k) -

!
v < v( )if ai(k) <a;!Y forall 1<i<N.

Thus, By consists of 2V elements and the a;¥) provide a map from the binary encoded
’

8
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integers in the interval [0,27-1] to By. Also, the 2 ;(k) ’s have their tips at the vertices
of an N-dimensional cube.

Mathematicians use such a vector construction to show that By is embeddable into
RM.?) [The ordering of RY is given by the rule that z < y for z,y €RN if each entry
of the N-tuple of numbers that make up z is not greater than each entry of the N-tuple

that makes up y.] The theory of causal sets interprets the partial order relations as causal

relations. If we choose

to be the future timelike direction of N-dimensional Minkowski space MY, then By is
embeddable into MY using “square” lightcones, consisting of an N—1 simplex with linearly
increasing scale as time increases. Physical lightcones are not square, but round, consisting
of an N—2 sphere with linearly increasing radius as time increases. The question arises:
Is By embeddable into MY (or some other manifold) using the physically relevant round
lightcones? (So that the order relations correspond to causal relations.)

If the answer is “yes”, then locating binomial subposets in a causal set can yield
information on the minimum dimension of a manifold into which the causal set can be
embedded. If the answer is “no”, then the binomial poset will provide a counterexample
to the hypothesis that any causal set can be embedded into Minkowski space of some
dimension.

It was demonstrated by Meyer® that the answer is “no” for N>6 (into MY, and if By
does not embed into MY it also does not embed into MP for any P), when only symmetric
embeddings are considered. This result also means that By cannot be symmetrically
embedded into MP for any P > N, as the points corresponding to the N vectors {é:}
defines an N dimensional timelike plane in M within which the embedding cannot be
carried out, and the extra dimensions play no role for symmetric embeddings. The question
of non-symmetric embeddings is still open. A simpler demonstration of the symmetric case
is presented here.

A space+time decomposition of MY is MN =RV-1xR. To embed B" into M", con-

sider the embedding of the symmetric N — 1 simplex into R 1. This embedding consists

9
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e

of N vectors ?,;, i <1 < N, such that

?i . -c:‘j= Nﬁij -1,

where 6;; is the Kroneker delta. Each element of By will have a spatial projection which
is the barycenter of some sub-simplex of the N — 1 simplex.

As a clarifying example, consider B;. The 3-simplex in R3 is given by 4 vectors such
that e; - ?j-—- 3 when ¢ = j and —1 when ¢ # j.

The point corresponding to the binary number 0000 is the origin. The points corre-
sponding to 0001, €010, 0100, 1000 are the vectors € i, with time coordinate v/3 so that
lightrays originating at the origin in M* will arrive (at time v/3) at the four points e
(which are the barycenters of the 0-dimensional subsimplices). Lightrays originating at
these points will begin to overlap at -;—(?i + ‘¢ ;) where i # j. The time coordinate will be
assigned the appropriate value. These six points are the barycenters of the 1-dimensional
subsimplices. Lightrays originating from these six points will have overlaping lightcones
(in groups of 3) at the four barycenters of the 2-dimensional subsimplexes. Again, the time
coordinates will be chosen appropriately. Lightrays emanating from these four points will
converge at the center of the 3-dimensional simplex.

Now, does this embedding have the causal relations matching the partial order re-
lations of B4? The embedding was set up so that all points in By that are related will
be causally related in M*. We must check that points in By which are not related must
be spacelike separated in M*. Only one relation needs to be checked, that between the
points e; and %(?2 + €5 + ?4). This is the only one to be checked because any other
“spurious” causal relation that might occur will enforce a causal relation between these
points (and, of course, by the symmetry of the arrangement). If, then, these points are
spacelike related then all causal relations will match the relations of the partial order By.
These points will be spacelike related if the time coordinate of %(?2 + ea + ?;) minus
v/3 is less than the spatial distance between ‘e and %(?2 + eg + :4).

Physically, this amounts to a race between two lightrays which originate af (1, one
travelling directly to %(?2 +es+ ?4) and the other travelling to %(? 1+ ?2) and then

proceeding to %(?1 + €3 + e3). If the direct path loses the race then the points are

10
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spacelike separated and the causal relations match the relations of By.
The general case will follow after the introduction of some notation.
Let p C {1,..., N}, and |p| = cardinality of p.
Let
ei-e;j=N§j—1

define N vectors ?,-, 1<i<N.

Define

—_ 1 -
Vp= I;IZ €i.

i€p

T;p is the barycenter of the |p| — 1 simplex bounded by vertices p. A short calculation gives

= = _lpNgN —plidl
Pt Ipllql

Let p C g such that |p| = |g| — 1. Then the distance between points v, and v, s

N
G0 =\ B+ D

Let [p| =1,|¢g/ = N —1,and pNg=0. Then

N

dpg = ———-
Pg N =1

For By to be embeddable into M" we must consider the race between two lightrays

emanating from ‘e 1, one going directly to

and the other travelling from e (a 0-simplex) to each of the higher simplexes (containing

e as a vertex) in succession. If the ratio

N-2 S
)
El:l 1(14+1)
RN = hY < 1,
N-1
11
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then By is embeddable into MY. The values are:

R3 = .577350269,
Ry = .965925825,
Rs = 1.255802792,
Rg = 1.485822502.

Actually, for |p| > 2, the points in the embedding can be chosen to be
ip| —’;p ,for 7 > 0.

The embedding is still symmetric. With an appropriate choice of the scale factors Tip|’s
Meyer showed that Bs can in fact be embedded, but there is no choice which allows a
symmetric embedding of By for N > 6.

Perhaps By can be embedded into some curved space. This work gives a partial
answer to this possibility.

Viewing the problem as a race, one can see that in MY the direct path is purely radial,
passing through the origin of RV ~!. The wandering path, on the contrary, is to a large
extent tangential, with each component of the path having a larger tangential component
than radial component. Thus one might expect that in positively curved spaces, where
tangential distances are relatively shortened with respect to radial distances, higher Bx’s
might be embeddable.

Consider, then, the manifold S ~!xR with spherical metric on SN-1 and with the
radius parameter R (= +/N — 1) constant in time. For maximal effect, the points of
By (except for points corresponding to binary 0 and 2N-1) will be embedded into the
equatorial plane of S¥-1, i.e. into S¥=2. If SN2 is considered as a surlace in R* ', then

once again we can define N vectors e; such that

e;-e;j=Nb; -1,

12
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and 2V — 1 vectors v, by

R

i€p
Now distances are arclengths, as tangential lightrays are constrained to lie on the surface

SN-2 and the radial lightray will also lie on a different surface SV-2, but of the same

radius.

Let p C g such that |g| = |p| + 1. Then the distance between points —Jp and ;q is

— e

VUp:* Vg

|'”p||”ql

2N — (lp] + 1))
‘R“““\f MICED)

Let |p|=1,|g/ = N —1,and pNgq = 0. Then

dpq = Rarccos

dpg = TR.
Now consider the ratio
N-2
1 I(N—-(1+1))
Ry = - Z: arccos N+ 1).

If Ry < 1 then By is embeddable into SN-1xR. The values are:

Rs =3,

R4 = .608173448,
R = 848151096,
Rs = 977960384,
R; = 1.262117426.

Il

13
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Thus, Bs is embeddable but By for N> 7 is not. Now the trick of considering the
embedding with scale factors 7|, is less likely to work for B; as this process involves using
lightpaths which are less tangential and the gain achieved from curvature is weakened.
Anyway, it’s clear that there is some N for which no embedding can be done.

One might consider keeping the radius of the equatorial plane, R, constant while
increasing the “radius” of the radial direction (i.e. making SN-1 prolate), but the path
between €, and 'N{—lzl.?:z ‘e ; which lies in the equatorial plane still remains of constant
length 7R.

Also, one might consider R=R(t), as for example the de-Sitter spacetime. This will
have no effect upon whether Ry > 1 or Ry < 1, however. Ry is a ratio of two distances
along two different paths. Each distance is an integral along the respective path of the line
element of the induced spatial metric. At any given time t, the line element is the same
along both paths as it is scaled by the global factor R(t), and hence the integrals are the
same to the time when the shorter path has been completed. At this time, the shorter of
the two distances ceases to increase, becoming a constant for all subsequent times. The
larger of the two distances continues to increase until the time that the longer path is
completely traversed. At that time the ratio of the two lengths is the number Rn. Thus,
introducing the factor R(t) cannot change the shorter to the longer path and vice versa,
and so the ratio Ry will be greater or lesser than one regardless of R(t).

Thus, no symmetric embeddings of By, for sufficiently large N, into SN-1xR exists.
Again, the question of non-symmetric embeddings remains open.

The embeddability of By was investigated in an attempt to find an easily identifiable
indicator of the dimension of causal sets which may be embeddable into some manifold.
The search for embeddings into MY was motivated by the notion that embeddings will be
sufficiently dense that binomial subposets of a causal set will be embedded into regions
of small enough volume that the manifold is approximately flat. Since Bg cannot be
embedded into M®, its presence as a subposet precludes the embedding of that portion of
a causal set into a small flat region. B¢ can be embedded into a large portion of 5 Y TUR,
however, and so its presence as a subposet could indicate a localized high curvature in a

manifold into which the poset is to be embedded. As higher N binomial subposets cannot

14
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be so embedded, what their presence forshadows for any manifold in which they are to be
embedded is still unclear.

Another obvious spacetime into which one might attempt to embed By is the Schwarzschil
solution. This has not yet been done. Should this fail as well, one might strongly suspect
that there is some N beyond which no By can be embedded into any manifold.

Should this prove to be true, then this fact might be useful in selecting an appropriate
action functional, as a proper action should then be dominated by causal sets which have
the property that some coarse-graining technique will eliminate large N By subposets,
resulting in a set which should be embeddable into some manifold.

However, there is a heuristic reason to suspect that By can be embedded into a
Schwarzschild solution. The tangential lightrays will all be exterior to the event horizon
by a finite amount as long as the first N points are exterior to the horizon. However, the
“radial” lightray will tend to graze the horizon. Thus the radial path will experience a time-
delay with respect to the Schwarzschild coordinates. One can make this delay arbitrarily
large by bringing the first N points closer to the horizon. The tangential paths will also
experience a gravitational redshift, but to a lesser degree. This may be a mechanism which
makes the embedding work.

Such a situation is somewhat reminiscent of some of the ideas of quantum gravity
that suppose that at the Planck length the spacetime manifold breaks up into a foam
of blackholes. As the causal set action principle will involve a coherent sum of all those
causal sets which upon coarse-graining embed into the same manifold, those causal sets
which have all binomial posets as subposets replaced by links in the coarse-graining will
contribute to the “stationary point” amplitude. Since in manifold terms these Bn’s might
be considered to be micro-scale blackholes, the foam picture emerges naturally.

The above picture implies that links are “local” objects in an appropriate sense. Part
I will argue that links cannot be so viewed. However, that discussion is limited to
flat space, where Lorentz invariance coupled with discreteness makes locality an clusive
concept. For curved manifolds, however, it is possible to define locality in terms of regions
over which the curvature varies slowly. It is subposets embedded into such regions that

upon coarse-graining over (e.g. replaced by a link) may be considered micro-scale objects.

15
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A coarse-graining rule and dynamical action which combine to have the effect of only
coarse-graining over such micro-scale structures would be desirable. One consequence of
such might be that fields cannot be defined on flat space (if the ideas of Part V should
prove to have merit) in accordance with Einstein’s equation, as in this case no links can
be determined to be local via the above criterion and so no structures (which are made of

links) will be deemed micro-scale and hence no structures will be coarse-grained over.

16
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Part 111
Locality

The goal of the causal set theory is to provide a satisfactory quantum theory of gravity.
Any such theory must contain the classical theory as an appropriate limit. Specifically,
the classical limit should be characterized by a manifold upon which matter (including

gauge) fields are defined in such a way that an Einstein-like equation is satisfied. Such an

equation has the form

5 [ va(a(s), 0a(e),--) =

where g(p) is the collection of fields (including the metric) defined at each point p of the
manifold, and dg(p) are the derivatives of the g(p)’s. The “...” is meant to represent the

possibility of higher derivatives entering the action.

The above equation is local, in that it involves a single volume integral of a one-point

function. This form has the property that if ¢(p) is replaced by q(p) + Ag(p), where
Ag(p) = Dag(p) + A2q(p)

such that
AlQ(P) =0 if p¢ R,

and

Dagq(p) =0 if pg R,

for disjoint regions Ry, Rs (i.e. RiN Ry = 0), then

/ AV a(q(p) + Aa(p), Ola(p) + Aa(p); )

=/dV<I>(q(p),3¢I(P)a---)

17
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+ /R aV(8(a(p) + Ara(p), Bla(p) + Maa(p)]) — #(a(p), a(p))

+ : dV[®(q(p) + A2q(p),0la(p) + A24(p)]) — B(a(p), Fa(p))]-

Thus, the resulting change in the integral is the sum of the changes due to each of the
regions R; and R, seperately.

In addition to locality, the classical equation is such that
&(q(p), 34(p),-..) is Lorentz invariant. One could consider ®’s which are not Lorentz
invariant, but they would still be local. Alternatively, one could consider other forms of

the equations which are Lorentz invariant but not local, for example

5 / v / Ve ¥(a(ps), Oa(p1 ), a(p2)> 0a(p2)> 7(P1,p2)); ---) = 0

where 7(p1,p2)) is some “field” which depends upon (say) the proper distance between
points p; and p>.
Both properties of locality and Lorentz invariance are imposed by experiment. Any

adequately defined theory of quantum gravity will have both of these features in the clas-

sical sector.

There is a tension between these properties when discrete structures (instead of man-
ifoids) are used as a basis for a theory. An illustrative example is that of a square lattice
in 1+ 1 dimensional Minkowski spacetime. On such a lattice (as for example in lattice
gauge field theories) locality is achieved by having only near neighbor interactions. In the
continuum limit (lattice spacing going to zero) such interactions will become local. This
lattice breaks Lorentz invariance in an obvious way, as it defines a preferred frame, that
for which the lattice is made up of squares.

In fact, any regular lattice will break Lorentz invariance in a similar way. The theory
of causal sets has as one of its tenets the notion of faithful embeddings (in the classical
sector at a minimum). As faithful embeddings are onto sprinklings of a manifold, and
sprinklings are Lorentz invariant (the volume of a region is a Lorentz invariant object),
the theory of causal sets has Lorentz invariance built in. But then there is a tension
with locality, as points which appear to be near neighbors in one frame will be boosted

to be arbitrarily distant in other frames (although, of coarse, their proper distance will
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be unaffected). A consequence of this is that in any frame there are a large number of
long, near null links. Figure 4 shows a causal set derived by a sprinkling of 50 points from
1+1 Minkowski spacetime, with link relations drawn. This dramatically illustrates that
the majority of links appear highly non-local. As long as the continuum limit is not taken,
this tension will persist no matter how dense the sprinkling. As the theory of causal sets
specifically does not allow the taking of the continuum limit the locality issue remains to

be dealt with. (In continuum theories it is the differential structure of manifolds which

allow the peaceful coexistence of locality and Lorentz invariance.)

Figure 4

All may not be lost, however. Perhaps locality can emerge via a route different from

that of “near neighbors”. One possible route is explored in this work.

Given that locality is recoverable in the causal set framework, it has been shown'!

by dimensional arguments that any local action on causal sets must reproduce classical

gravity in the appropriate limit. This in itself is a strong motivation for examining the

locality issue.

19
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Consider a massless scalar field ¢(z) defined on 1+1 dimensional Minkowski spacetime.

The action for the field is

_ _é / dV g™V . 4(2) V()

= _% / dV'V 4 [g%$(2)Ved(2)]

+5 [Va6(a)V.Tuse)

_ _% dS.4(z)V*é(z)
1%

1
+5 [ave=)04()
where [] = g**V,Vs.
If ¢(z) = 0 and/or V°¢(z) = 0 when = € OV (the boundary of V) then

5=} [ve@Dee)

Upon discretization (via a sprinkling) this becomes
1 mn
Sp = §¢iuij¢j

where [];; is a “local” discrete operator and ¢; = ¢(z;) is the value of the field ¢(x)
evaluated at the point of the sprinkling which is at ;.

If Dij can be defined in some appropriate way such that Lorentz invariance does not

destroy locality, then locality will survive.

Consider the continuum equation
O(z)G(2,y) = é(=,9),
which holds for any Green’s function of the operator [],. The discretization of this gives
D(:r)ijij = bif.

and Gji be non-singular matrices. This work explores

This demands that both []

the supposition that choosing a non-singular Gk (chosen by discretizing some continuum

z)ij
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Green’s function) will give, upon inversion, a matrix G;-“jl which will define the discretized

operator [],..

Before carrying out calculations with sprinklings, the validity of this idea can be tested
on regular lattices (which break Lorentz invariance explicitly, but we are here testing for

locality only, and so they do provide a valid test of the idea).

As a first example, consider 1-dimensional Minkowski spacetime. The equation
O¢x)G(z:y) = é(=z - y)

becomes
o2

—BEG(tl,tg) = §(t1 — t2),

which has the solutions
—(t1 —t2), t1> ¢t

Gret =
0’ tl S t2
and
—(t2 —t1), t1 <tz
Gadv =
0, t; > ts.

A non-singular matrix G;; can be formed by discretizing

1
G = ‘2'(Gadv +Gret),
yielding
1, .
Gij=-3li-jl,
which looks like
( 0 1 2 N -2 N—l\
1 0 1 N -2
2 1 0 N -3
1 '
2 .
N-3 ... 0 1 P
N-2 ... .1 0 1
N-1 N-2 ... vee 2 1 0 /
21
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The inverse G;-'jl is:

N=2 _1 0 ... R | B——
({11 2 -1 0 ... Nol\
0

0 . 0 -1 2 —1 0

0o ... R
\TV_T11 0 ... 1 1132/

The non-local boundary terms x—=7 1 in the corners tend to zero as N — oo, the limit

of an infinitely dense lattice.

The remaining (non-boundary) terms are of the form
Gi_jl = 25,‘5 - 6ij+1 - 5,'1'_1.

This is certainly a local operator as it has support only on nearest neighbors. It also agrees
with what one gets if one discretizes the operator %%2- directly by taking finite differences

to represent derivatives:
52
"ot

~[(pis1 — #:) — (¢ — $i-1)]
= 2¢; — Pir1 — Pi-1

o
¢ — "'5;(¢i+1 — ¢i)

giving
~ 5 — 28;; — bij41 — bij-1.
Thus, the idea works well for a regular lattice in 1-dimension when G = %(G ret +Gudr)
is used.
Another example is the square lattice (with null edges) in 1+1 dimensional Minkowski
spacetime. In 2-dimensional flat spacetime the equation
o? o° R - =
(-5 + 552)0(%,¥) = é(z —y)
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e

has among its solutions
-3 ta >t and (; - 5)2 < 0;

b
Gret = 2
0, otherwise
and
1, ta<tyand(z —y)? <0
Gadv =

0, otherwise

Once again, a non-singular matrix G;; can be formed by discretizing G = %(G,,d,, +
Gret). The inverse, however, does not obviously appear to be a local operator. The inverse
of G;; has been calculated by computer for square lattices as large as 25 x 25 points.
There appears to be no falloff in the matrix entries away from the diagonal, a condition
which, if present, would suggest recovery of locality in the dense limit. It is possible that
a falloff does occur at a sufficiently slow rate that larger matrices are needed to detect it.
Surprisingly, when a discretized Green’s function of this form is used for random sprinklings
of as few as 200 points, the results accurately reproduce the continuum action for those
functions examined, strongly suggesting that the inverse is indeed a local operator. The
results of these calculations are presented below.

If one adopts (the more conventional) approach in defining a partial order relation as
a reflexive one, i.e. ¢ < z, then the discretized G’ret will be non-singular. The diagonal
will be non-zero, having values 1. [The diagonal value might also be considered a free
parameter, as how to define the reflexive condition for partially ordered sets is flexible. In
this view, any choice of the diagonal could be considered as the adoption of some “linear
combination” of the two definitions of partial orders. Physically, it is a “self-interaction”
term which should be negligible compared to the large number of interaction terms present
in the matrix Dij. We examine different values of the diagonal value to test whether the
results can be improved for “non-canonical” choice of the parameter.] This non-singular

G;.et matrix on the lightcone lattice can be solved explicitly. Its inverse is
(Gret)(—i;)(k{) = 2(6¢ij) (kD) + S(it1j+1) (k1) — Sitriy(kD) — Oiijrniinn)

This is exactly the box operator

2

V-9 [0 =25i%, whereu =z +tandv =2z — 1.
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discretized by finite differences (u,v are lightcone coordinates).

Thus, these regular lattice calculations suggest that the idea of inverting a discretized
Green’s function defined on a sprinkling of 141 dimensional Minkowski space will give an
adequate discretization of the continuum operator [].

To put this idea to the test, several sprinklings (and so not regular, but random
lattices) of an Alexandrov neighborhood in 1+1 Minkowski space were done. The matrices
Gret+Gado and G.,, were calculated, inverted, and applied to several different scalar fields.
An average over the resulting actions was taken for each scalar field. A match of the
average values to the true continuum actions is the criterion under which the conclusion
that locality is recoverable in the causal set theory was made. The rest of this section is a
step by step discussion of the calculation and the results obtained.

Sprinkling : A Poisson process has the distribution
1 Ny _»
= A

P(N) N!( V) e

for N points to be sprinkled in volume V (at unit density). The first step in the sprinkling
was to generate a random N according to this distribution. The parameter V is just the
expectation value of N, V =< N >, and is a free parameter chosen at the start of the
calculation. The random integer N is calculated by elementary Monte Carlo techniques.
This part of the computer code is listed in Appendix 1: the routine names are NPTS,
PDV, and RAN3 which is taken from the book Numerical Recipes.®?) The seed for RAN3
is calculated in the routine ITIME (also to be found in Appendix 1) based upon the
computer’s clock.

In 141 Minkowski space the measure is uniform (it is 2dudv). Thus, a sprinkling
is easily achieved by generating random numbers z1,z2 of uniform distribution on the
interval [0,1] C R and letting

u =2z, —1,

and

’U=1—2$2.
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This yields points sprinkled according to a Poisson process in the region —1 < u <
+1,-1< v < +1.

N of these points were generated by getting N sets of coordinates (u;,v;) in this fashion.
The computer code for this is named SPRINKLE, which can be found in Appendix 1.
SPRINKLE also calls RAN3, as well as the routine FLD which calculates the field values
at each sprinkled point. FLD is described in detail below.

Field Values : As the earlier discussion pointed out, the true action for a scalar field

(modulo boundary terms) is

s=-3 [T sp,

or equivalently

3=%/dv¢ (¢

We have heuristic reasons to believe that we can find a discretized [];; in causal set terms,
possibly modulo boundary terms. Any boundary terms which might get introduced via the
discretization are poorly understood at present. For this reason we primarily work with
fields which vanish at the boundary. The fields are also chosen to have vanishing gradient
at the boundary since the boundary is somewhat “thickened” by the discretization, and

since one might not expect boundary contributions to involve higher than first derivatives

of ¢. Some fields that satisfy these criteria are:

¢1 = [(v* - 1)(v* - )],
#2 = (1 + cosmu)(1 + cosmv),
¢s = (1 —u)é,
s = (1 + cos5Tu)(1 + cos5mv).

Fields ¢ and ¢, are similar in shape, but ¢, has a peak value four times that of ¢,
and so it has greater variation over the region. Field ¢3 has one peak which is shifted

away from the center of the region and so has no symmetry that might give rise to the
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correct continuum answer (of zero) for reasons other than locality. Field ¢, is a rapidly
varying function which our discretizations should not be able to handle well (not being
dense enough) but symmetry might still enforce a “correct” answer in some manner. It
is not clear that an z < ¢ symmetry can enter so easily into the causal set calculations,
though, as causal sets explicitly lack this symmetry. Because of this fact, getting the
correct answer of zero (which is a result of the symmetry in the continuum case) could be
viewed as a victory in the causal set calculation.]

We also work with linear functions which do not vanish on the boundary. Should any

boundary effects be expressed in the inverse Green’s function, these fields should detect

them. These fields are:

All the above fields have vanishing d’Alembertian action. Fields ¢5 and ¢¢ also have
vanishing action for the squared gradient action, but fields ¢7 and ¢s do not. In addition,
we work with fields that do not have vanishing d’Alembertian action. It is important to
use such fields to convince oneself that the method is accurately matching the continuum

action, not just always giving a zero result for an entirely different reason. The fields we

considered are:

$o = 1,

$10 = o1,

$11 = T2,

$12 = tP2.
26
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All of these also have vanishing value and gradient on the boundary. All fields are calculated

in the routine FLD which can be found in Appendix 1.

Green’s Functions : The starting point for all the Green’s functions discussed above

is the causal matrix C. Calculating the causal matrix is done in the routine SETC which
can be found in Appendix 1. For convenience, we have relabelled the points so that the
causal matrix is upper triangular ( this is always possible since there are no closed timelike

curves ). This is accomplished in the routine RELAB which can be found in Appendix 1.

The now upper triangular C is easily seen to be 2 Gre:. If we add it to its transpose

we have

Z(Gret + Gadv) =C+ CT-

C+CT is generated with routine GSYM which can be found in Appendix 1.

Adding the unit matrix § to C gives ZG;et:

2G, ., =6 +C.

The diagonal parameter in G,,, is studied by using 2G.,,(2) = A6+C. This is done in the
routine GRET which can be found in Appendix 1.

Glret is automatically nonsingular. This is not true for G, s+ G, .. however. 1t fre-
quently happens that two or more rows will be identical in G, ++Ggq,. This accnrs as a
result of the corresponding points being sprinkled closely together, but spacelike separated,

as the points p; and p, in Figure 5 below.
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Figure 5
The volume of the shaded region is smaller than one and so no points are likely to

have been sprinkled there. Then

Jt(p1) = J*(p2),

and

I (p1) = I (p2)-

In causal set terms we can view such pairs as being indistinguishable, or “non-Hegelian”
to use a term coined by Sorkin. Such a pair is said to comprise a “clique” in the theory of

partially ordered sets.
Another (much rarer) source of singularity is when a point (indicated by ps in the
above figure) is so close to the x-axis corners of the region that the intersection of its

lightcone with the region has volume smaller than one. Then

J+(p3) = @)
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and
J~(ps) = 0.

This gives rise to a row of zeros in Gret+Gado. Such points might be more properly
thought of as belonging on the other side of 3V, having been located here within V due to
the thickening of the boundary caused by the discretization.

The first source of singularity is dealt with by merging the two points into one, located
at one of the two original points (i.e. one is deleted; the one which gets deleted is an artifact
of the order in which they were originally sprinkled). This is done in the routine DEL2
which can be found in Appendix 1. The second source of singularity is dealt with by
pushing the point over the boundary where it “more properly belongs” (i.e. it is deleted).
This is done in the routine DISCARD1, which can be found in Appendix 1.

Inversion : Once the Green’s functions have been computed, they are inverted by the
routine INV, which bridges between calling program POBOX and the routines LUDCMP
and LUBKSB, which are taken from the book Numerical Recipes.®) These can be found
in Appendix 1. As these routines do not catch “nearly singular” (or even some exactly
singular!) matrices very well, the inverse is multiplied by the original matrix and the result
is checked for its nearness to the unit matrix. Those matrices which do not invert well are
discarded.

Calculation of the Action : The inverse matrix is the candidate [],;. This is applied
to each of the fields (described above) in turn. The calculation is performed in the routine

ACT, which can be found in Appendix 1.
Gathering Statistics : The routine MAIN (found in Appendix 1) calls the routine

POBOX which in turn calls the routines described above. MAIN collects the results of all
the runs and calculates running averages, standard deviations, and standard errors.
Results : The results from calculations on a VAX cemputer are presented in Tables 1
and 2. Table 1 presents results for the symmetrized Green’s function. ¢; was calculated
by averaging 298 runs. The other results are for averaging a different set of 235 runs. All
results are for sprinklings with < N >= 200. The first column of Table I lists the field,
the second column lists the continuum value of [ dV ¢[]¢, with the value of — f d1'(V¢)?

given in parenthesis for ¢7 and ¢s. The third column gives the calculated average and
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standard error of ¢,~G{jl éj.

Field [dve(le| ¢:Gi;'¢é;
¢1 = [(u? —1)(»2 - 1) 0 04+ .10
¢2 = (1 + cosmu)(1 + cos wv) 0 4+ .52
¢3 = (1 —u)ds 0 .003 £ .081
¢4 = (1 + cos 5ru)(1 + cos 5mv) 0 8 + 52
¢s=1u 0 1.74+2.0
$s =v 0 14435
pr==2 0(-2) | —-3.0+18
$s =1 0 (+2) 4.5+1.2
b9 = zh 1651 | .1614.028
d10 = té -.1651 | —.173+.019
¢11 = T2 2.25 2.13+ .36
$12 = tdo 2225 | -2.234.26

Table 1. Symmetric Green’s Function

The calculated values agree quite well with the continuum values. The agreement
is to within a single standard error for all fields except ¢7; and ¢s (7 agrees to two
standard errors but ¢s does not agree). However, these agree much better with the action
~-1J dV(e ¢)? (which has continumm value of —2 and +2 respectively). Since boundary
terms are suspected to be present in ¢7 and ¢s, we did not expect agreement here. Also,
we did not expect agreement for ¢, as the function has rapid variation. This seems to
be reflected in the comparatively large standard error. Those fields which have non-zero
continuum action have calculated actions that agree with the continuum actions, but do
not agree with zero.

Table 2 presents results for the retarded Green’s function. < N >= 200 for all the
data. The three final columns list the results for various values of the diagonal parameter

A. The value A = 1 is the “canonical” choice, and the results are for 300 runs. The results
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for A = % are for 262 runs. The results for A = % are for about 240 runs, the actual number
of runs varying slightly with each field because some grossly large data were thrown out
(meaning that the program initially had a large cutoff value of 1000 for the action of each
field, presupposing that any actions calculated to be higher than this were due to nearly
singular matrices, which are not inverted accurately, and so the data was thrown out as
being innacurate on these grounds).

Many of the results for the retarded Green’s function are poor, and none are as good
as for those of the symmetric Green’s function. The results may be poor since effectively
only half the interactions as those of the symmetric Green’s function are included. Small
numbers of runs for larger numbers of points have been performed. The results do improve

as < N > increases, however the standard deviations seem to grow with < N >.

Field Jdvelé $:G';; b;
A= =1 [
é1 = [(u? — 1)(v? — 1)]? 0 ~073+£.025 | —.15+.20 | —4+15
#2 = (1 + cosmu)(1 + cos wv) 0 —1.45+ .30 ~0.7+21 | —40+39
és = (1 — u)s 0 ~.009+.026 | —.28+.20 | —28+14
¢4 = (1 + cos 5wu)(1 + cos 5mv) 0 39+25
ds =u 0 —5.0+9.2 35 £ 42
¢ = 0 —6.5+8.9 15 £+ 40.
or==¢c 0(—2) 1.03 + .24 —-53+3.4
b =1t o(+2) | -67+87 | -13+42
¢o = zP1 .1651 .0634 £ .0013 |{.0636 £ .0079|1.03 & .68
P10 = 11 —.1651 |—.1108 +.0062 | —.006 +.067 | 8 & 11
b11 = T 2.25 866+ .016 | .907+.083 | 8.9+5.7
P12 =t —2.25 | —1.476+£.064 | —. 704+ .57 | 19427

Table 2. Retarded Green’s Function

Since the results for the symmetrized Green’s function reproduce the continuum val-
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ues well, it can be concluded that locality is recoverable.

Finally, some calculations using the symmetric Green’s function were done to test
the variation of the standard deviation (o) with < N > for some of the fields. In these
calculations, the number of points was actually fixed (as opposed to varying randomly
about < N >). The values of N were 16, 32, 64, 128, 256, 512, 700, and 1024. For each
N, the standard deviation was calculated from 42 trials. The results are given in Table 3.
The first column lists the field. The second column lists the correlation coefficient between
log N and logo. The third column lists the slope @, where ¢ ~ N~%. In all cases the

standard deviation decreases faster than N72.

Field correlation coefficient | «
¢2 = (1 + cosu)(1 + cos 7v) .78 1.8
2¢11 = 2z ¢y .995 1.6
2015 = 2t .995 1.65
Table 3.
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Part IV

Enumerating Causal Sets

An interesting problem is that of enumerating the partially ordered sets definable on
N elements (Dn). The answer is known for N<9. For N = 10, there is a dispute.>” A
value for N = 117) is given, but it is not guaranteed to be correct until the dispute over
N =10 is resolved.

Culberson and Rawlins”) have empirically found some tantalizing patterns in the val-
ues n(R,N), the number of posets on N elements that contain R relations. They conjecture
that these patterns, once understood, may lead to a solution of the general problem of
enumeration.

The causal set program is interested in connected posets. Appendix 2 lists a computer
program that calculates Cp, the number of connected posets definable on N elements.
The program also calculates nc(R,N), the number of connected posets of N elements that
contain R relations, and m¢(L,N), the number of connected posets of N elements that
contain L links. The algorithm used will be described in detail at the end of this section.

Given the set of values {Dx} one can deduce the set of values {Cn} and vice versa.
Dy is a function of { Cps | M < N }. The function is straightforward to calculate. To do

so, begin by listing all partitions of N. This gives the set
{{I-;’j I Im 7& I, if m 7é n, and ZPjIj = N}}a
j

where the notation I? means p copies of the integer I.

(For example, N=4 has the partitions {{4},{3,1},{2?},{2,1?},{1*}}.)

Then
= 3 T,

partitions j
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where (1}\\{) is a binomial coefficient. For example

D4___(01'4) + (61'3)(011> L (022+ 1) N (61*2) <012+ 1) N <014+ 3) _

Given the set {n(R,N)} one can likewise deduce the set { nc(R,N)} and vice versa.
The calculation is similar to that above with the added complication that within each
partition of N one must sum over the partitions of R.

For N< 7 the values calculated by the program agree with the accepted results. The
values m¢(L,N) are listed in Table 3. The values nc(R,N) are listed in Table 4. From this
data can be deduced the values of n(R,N) which are listed in Table 5.

The patterns in n(R,N) are polynomials, which is what one expects if they are deter-
mined from simple combinatoric functions. It is possibie that the values ne(R,N), or even
mc(L,N) exhibit patterns which are simpler than those of n(R,N). Further investigation
may reveal the source of these patterns (assuming they exist) and thereby solve the prob-
lem of enumeration. However, the work of Dhar®) might indicate that there is an infinite
heirarchy of such patterns and so the solution may be much more elusive.

As there is some dispute over the value of D;g, the program may also give an inde-
pendent check upon this value. However, the VAX does not have the necessary speed to
go beyond N= 7. Work is proceeding to adapt the code to faster computers and to speed
up the algorithm.

What follows is a detailed description of the algorithm used to enumerate causal sets
in the program GENPOS, which is listed in Appendix 2. The program works with order
preserving labellings. An order preserving labelling of a causal set C is an assignment of
integers to the points of the causal set so that if two points p,g € C are such that p < ¢,
then the integer assigned to p is smaller than that assigned to g. With such a labelling,
both the link and causal matrices representing C are upper triangular. For a causal set

consisting of N elements, there are potential links that might exist between the

N elements. For a causal set to be connected, there must be at least N — 1 links. There

can be at most ()2, if N is even, or (BF2)(B4L), if Nis odd, links in a causal set of N

elements. Within these limits the algorithm forms candidate link matrices and tests themn

for validity and uniqueness.
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The first step is to place a given number of links into an upper triangular matrix to
form a candidate link matrix. The variable nlinks is the number of links. Using the routines
NEXTLINK, ISUM, and L, a candidate link matrix consisting of nlinks links is obtained.
NEXTLINK ensures that all combinations of nlinks links are tried. With the candidate
link matrix (called lorg), a causal matrix (called causal) is calculated by transitive closure.
From causal a true link matrix (called Imat) is calculated. If the candidate does not match
the true matrix it is discarded and the next candidate is generated.

When a good link matrix is found, it is first checked to insure that the represented
causal set is connected. If disconnected, the matrix is discarded and a new candidate is
generated. If the causal set is connected, a matrix of data (called nlf) is formed based
upon the number of points linked to and causally related to each point of the causal set.
From this data another matrix (called ninv) is formed which is invariant under relabellings
of the causal set.

The matrix of invariants is used to compare with previously saved causal sets which
are stored in files. Two of the invariants are used to direct the saved sets into different files
to speed the comparison process. The two invariants used are the number of minimal and
maximal elements of the causal set. If no matching invariant matrix is found, the current
causal set is added to the end of the appropriate file. When a matching invariant matrix
is found, the current causal set must be checked for a relabelling which makes it match
the saved causal set. An initial relabelling is done which matches the matrix nif to the
corresponding matrix of the saved set. If the link matrices match the causal set is discarded.
If not, the matrix nlf is used to reduce the permutation group Sy (corresponding to all
relabellings) to a subgroup which is then gone through using the routine NEXTPERM
until a match is found. A match results in the discarding of the causal set. If no match is
found with any of the saved causal sets in the appropriate file, the causal set is added to
the end of the file.

After all possible matrices of the given number of links is tested. all accnmmulated
causal sets are erased and the process begins again with causal sets consisting ~f one link
more than those of the previous loop. As each new causal set is found, the number of

relations is counted and nc(R,N) is updated, as well as m¢(L,N) and Cn. At the end of
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the program these results are placed into a file called genpos.dat. To start the program for

any N requires the parameter npts in the first line of the program to be set to the value

N.

N=1|2|3|4{5|6 ] 7
L=0] 1
1 1
2 3
3 8
4 2127
5 12 (91
6 5 | 871350
7 45 [ 532
8 121475
9 3 (201
10 71
11 14
12 7
mcg(L,N)

Table 3. Number of connected posets on N elements with L links.
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N=1|2|3|4|5| 6| 7

R=0|| 1

1 1

2 2

3 1] 3

4 3|6

5 3710

6 1]11] 20 | 22
7 9|33 50
8 6 | 40 | 107
9 4| 40 | 158
10 1| 34 | 204
11 28 | 220
12 17 | 222
13 10 | 194
14 5 | 163
15 1| 122
16 83
17 54
18 29
19 15
20 6
21 1
onl| 1 |1]3]10|44 2381650

nc(R,N)

Table 4. Number of connected posets on N elements with R relations.
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N=1{2|3|4|5]| 6 7
R=0 1 j1|1j1 11 1
1 1111111 1
2 21313} 3 3
3 1146 7 7
4 3 ]10| 16 | 18
5 3 |10f 25 | 38
6 1(12] 36 | 74
7 9143 | 113
8 6 | 46 | 167
9 41 44 | 209
10 1] 35 | 243
11 28 | 249
12 17 | 239
13 10 | 204
14 6 | 168
15 1 | 123
16 83
17 54
18 29
19 15
20 6
21 1
Dn 1 [2{5|16|63|318|2045

n(R,N)

Table 5. Number of posets on N elements with R relations.
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Part V

Open Questions and Speculations

Quantization of the causal set theory will require the specification of an action principle
and a method of coarse graining which satisfy the requirement that when a sum over
all causal sets on N elements is performed (with appropriate boundary conditions), the
dominant contribution must come from those causal sets which, upon coarse graining,
agree with the continuum geomeiry of classical gravity. [The geometry of classical gravity
is ordinarily assumed to be that of a manifold. This assumption can be expected to break
down at singularities. In addition, a space that is a cobordism mediating between different
spatial geometries (as in pair creation of topological geons) might arise in the sum with
some additional phase arising from the degeneracy of the metric at the points of topology
change.]

Carrying out this program will involve several details which have not to date been
worked out. This section is devoted to a discussion of some of these details, particularly the
form of the action, techniques for carrying out the sum over causal sets, and the inclusion of
quantum fields. Also, there is a brief discussion of why topological spin-statistics theorems
might be extended to the discrete realm of causal sets.

Action Principle : The primary issue is of course the form of the action principle. It

should consist of an “action functional” defined upon causal sets such that a course graining

of those sets which dominate the sum over causal sets will be faithfully embeddable into

£63 5 3

manifolds. Quantum amplitudes will be gotten by exponentiating this action. Thus. given

a causal set C, an action S[C] is defined, giving an amplitude

A[C] = €516,
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The exact rules for forming probabilities are not yet known for quantum gravity in
general, and causal sets in particular. Formally, one can define a “quantum expectation
value” for any property by a sum over causal sets weighted by the amplitude. For example,
if one desires the expectation value of the causal dimension, dimc, of a causal set C (the
causal dimension of C is calculated in a manner so that if C is faithfully embeddable into
a manifold M, then dimg=dim M; c.f. ref. 3), it is given by

. 2 dimc(C)eiSIC
<dimc > = S eS(C] .

[Notice that there is no measure term. In the usual sum over histories quantization of a

classical theory, the action S is the classical action and the measure is present to make the

expectation values come out correctly. One might just as well define a quantum action by

Sqlé] = Scil¢] —iln u[4],

and then the sum over histories equation for expectation values will not have a measure
term. The weights will be exponentiated quantum actions, which are the classical actions
with a quantum correction. In this view, the measure just encodes quantum corrections
to the classical action. Since there is no classical action to be corrected in the causal set
theory, it will not be necessary to separate off part of S and call it a measure. |

Many forms for the action S[C] have been proposed. Little work has been done to
explore the viability of any of these actions. To give a flavor of the ideas, three proposals
will be discussed.

One proposal, due to Geroch, is that S[C]=27Z[C], where Z[C] is a functional on causal
sets C such that it is integer valued when C is faithfully embeddable into a manifold and
not integer valued when C is not faithfully embeddable. Then

Z £iSIC]

c
will have conmstructively adding contributions for faithfully  embeddable

causal sets. If the spectrum of Z[C] is such that there exists C" satis{ying

’

N =

Z[C*] = Z[C] +
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for every non embeddable C, then non embeddable causal sets will cancel.

A second proposal, due to Sorkin, is to define S[C] to be the logarithm of the number
of trees spanning C. This is calculable using the matrix tree theorem. The calculation is
as follows. Given L, the link matrix of a causal set, one first defines the diagonal matrix
D by

Dij =i ) Lu;.
k

Then one defines the matrix M by
M=D- L.

Finally, M(® is defined as a matrix derived from M by deleting a column consisting of
all zeros and its corresponding row. Then the determinant of M(®) is the number of trees
rooted at the point corresponding to the deleted row and column. This definition excludes
any spanning subgraph that doesn’t literally look like a tree (with no branches dipping
downward). The determinant is easily calculated in this case as the matrix M(") can be
made upper triangular (with diagonal entries only being permuted) and so the result is the
product of the diagonal entries (excluding the zero to be deleted). [Thus, the determinant
of D (disregarding the zero to be deleted) also gives the correct number of spanning trees.]
By the construction of the matrices D and M(® it is easily seen that the number of
spanning trees is equal to the product of the number of downward links from each point
above the root point.

This idea derives from the intuitive picture of continuum expanding geometries (e.g.
the FRW model) as spacetime consisting of a partial history “growing like a tree” (i.e. the

new portion of spacetime arises loca.]ly)..

A third proposal, due to Meyer, is to define S[C] to be some multiple of the Euler
number of C. This has the advantages that it is plausibly related to the Euler number
of a manifold into which C can be embedded when such an embedding is possible (and
therefore should constructively interfere), and that it is very easily calculated. Given any
causal set C, one can associate to it a simplicial complex A(C) by mapping elements and

relations of C to vertices and edges in A(C). The euler number of C is defined to be the
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euler number of A(C):

o0

X(A(C)) =D (-1)Fer,

k=0
where c; is the number of k+ 1 element chains of C. A more efficient calculation is possible

by calculating the Mdbius function of C, which is the causal set defined by attaching

minimal and maximal elements (0 and 1) to C. The Mébius function is
pe(0,1) = Z("l)kék,
k=0

where é;, is the number of k& + 1 chains from 0 to 1 in C. The Mébius function satisfies the

recursion relation

F’(way) = - Z F’(zaz):

z=z<y
when z < y in a causal set. This recursion relation allows an efficient calculation of p as

one works upward along links of € and accumulates a sum over preceding points, in the

end the sum will be the Mobius function. Finally, the identity
x(A(C)) =1+ #c((), i)

yeilds the euler number of C.

All these actions take their values in a discrete space. This prevents the usual interpre-
tation of classical theories arising as the stationary phase approximation to the quantum
theory. This view could be retained, however, if S[C] admits a supremum at a collection {
Cci} of C’s and varies rapidly amongst those C’s which are not in the collection
{ Cci}. Then it is required that { C¢i} primarily consists of causal sets which are faithfully
embeddable into manifolds.

An interesting variation of the approach of defining an action for each causal set is
to work with the partial order of partial orders. The elements of this partial order are all
possible partial orders. The relation can be defined as C;1 < C» if Cqis asubposef of (. 1f
a path is defined as an unbroken chain of links, then one can define a transition amplitude
between two causal sets as a sum over paths of a function of each path, the function

taking as argument a product of elements of a group attached to each link of the path.
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For example, if the group is the set of nonzero real numbers with ordinary multiplication
as product and the identity element (i.e. the number 1) attached to each link, then the
transition amplitude between two causal sets is the number of paths connecting them in the
partial order of partial orders. In this approach the transition amplitudes automatically
satisfy the important condition
A(C: = C2) = Y _ A(C1 — Cs) x A(C3 — C3),

Cs
where C; < C3 < C, and all C3’s which are summed over must be elements of a complete
anti-chain (i.e. no Cj is related to any other C3 and there is no other causal set which can
be added and still have an anti-chain).

Calculating : As mentioned, no calculations have been done to test the viability of
any of the actions that have been proposed. There are technical difficulties which need to
be addressed before such calculations can be performed with any confidence.

One difficulty is in carrying out the sum over all causal sets. The number of causal

sets definable on N elements grows very rapidly with N. Asymptotically the number is :

2
C x 2%‘+%NeNN'(N+1), where C = .8.

There is no exact expression for finite N. Further discussion of this problem is given in
Part IV.

Since the number of causal sets is large, calculations cannot cover the full sum (al-
though the so-called “generic” causal sets are so simple in structure that thier contributions
to the sum might be exactly calculable in some cases). Some technique must be used to
efficiently approximate the sum with a sum over a much smaller set of causal sets. Many
techniques exist to find the maximal action and sum over the neighborhood of those points
which maximize the action. An example is the technique of simulated annealing. These

techniques may require some type of analytical continuation to real amplitudes, however.

It is important in such schemes that all points are equally likely to be reached in a
random walk when thier actions agree. It is also important that all moves which are used

to wander through the space of causal sets must be reversible, so that the algorithin cannot

get trapped at a particular set. It is possible to define such moves.
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A causal set is represented by its link matrix L (which has L;; = 1 if there is a
link connecting points labelled by numbers i and j and zero otherwise), and its causal
matrix C. One move is the addition of a link £;;. This can only be done if Ci; =0, and
[(6+CT)L(6+CT)];; = 0. Then the new C is the transitive closure of the new L. The
reverse of this move is the deletion of an existing link from L, the new causal matrix again
being gotten by transitive closure of the new L. It must be insured that the deletion does
not cause the set to become disconnected. A causal set of N elements is connected if
(6 + C + CT)N~1 has no zero entries. These moves are reversible. However, there are
causal sets which cannot be reached by these moves (e.g. the completely ordered set which
can have no link added or removed because of the conditions of these rules). It is easy to
get around this problem by including disconnected causal sets in the calculation, giving
them zero weight (as most causal sets are connected, this will not harm the efficiency of
the calculation). Then all causal sets will be reachable by the reversible steps.

There remains the problem that different matrices which represent the same causal
set must be recognized. Given complete freedom of relabelling, the labellings are in 1-1
correspondence with elements of the permutation group, Sy, for a causal set consisting of
N elements. Not all relabellings give rise to distinct matrices, as the automorphism group
of a causal set, Ac, will leave unchanged any matrix representing that set. The matrices
that represent C are in 1-1 correspondence with elements of the set Sy /.Ac (which unfor-
tunately is not a group as Ac is not in general a normal subgroup of ). One can handle
the different matrices representing C by weighting each by the number of these matrices
(which is order[Sn/Ac]) and performing a sum over the space of causal matrices, Mc;

i.e. the sum over causal sets is replaced by a sum over causal matrices:

Z eSICl Z —¢5I€],  where rc = order[Sn/Ac].
C Mc rc

This method may be inefficient, as the number of matrices representing any given
causal set will be very large. One can dramatically improve the efficiency by restricting to,
say, upper triangular matrices (any causal set will have at least one such representation).

Now the relabellings do not form a group, but this probably presents no problem. Further
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improvements in efficiency might be possible. This question has not yet been looked into.
It is clearly important to the issue of carrying out the sum over causal sets in practice.

Field Theories : It has been suggested®) that coarse graining provides a natural mech-
anism via which fields will emerge from the causal set theory. Consideration of this idea
suggests that the usual gauge field theories of the Standard Model might arise in this
fashion.

A gauge field theory begins with an action that is invariant under the action of a
group G. This symmetery is broadened to that of a gauge symmetry by demanding that
the action be invariant under independent actions of the group G at each spacetime point.
Under the action of this enlarged group, the usual kinetic term of the action will acquire
extra terms involving a new field which takes its value in the Lie algebra g of G at each
spacetime point. These terms are cancelled by the introduction of a connection 4 of a
principle fiber bundle (M,G) of the group G over the manifold M. The conneclion is
defined by giving its value A(z) at each point of the manifold # €M. A(z) is called the
gauge field associated with the gauge symmetry. (To complete the now gauge invariant
action, a kinetic term for the gauge field is added; the square of the curvature associated
with the connection 4.)

The dynamics of the gauge field, then, relies upon the algebra g. This algebra is the
same for any group G/D, where D is a discrete normal subgroup of G. For example,
G, = SU(2) and G, = SO(3) = SU(2)/Z, will have the same associated su(2) gauge field.

Consider a coarse grained causal set C. All causal sets, which when coarse grained
give rise to C, will contribute to the sum over histories contribution of C. In particular,
when C is faithfully embeddable into a manifold M, there are a large number of causal
sets related to C which will contribute to the amplitude for M. Among such contributing
causal sets will be those consisting of replacing some links in C by some binomial partial
order. (Figure 2 on page 5 is an example of replacing each link of a causal set embeddable
into 1-dim Minkowski space with B,.) As discussed in Part II, the binomial poset By is
based upon the N — 1 simplex. As the starting causal set C embeds into a manifold. the
replacement of a link in C (for this discussion the link is assumed to be embedded into a

small region of the manifold as defined by the manifold’s curvature) by the subposet Bx
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can be viewed as the attatchment of an N — 2 sphere to the manifold with the N —1
simplex embedded symmetrically in this sphere. [The N — 2 sphere, and not the discrete
structure By directly, is attached to the manifold so that the classical manifold picture
is preserved. The resulting manifold is locally similar to a Kaluza-Klein type space.] The
N — 1 simplex has the discrete symmetry group Ay, the alternating group of order V. In
this way the group SO(N —1)/An might get attatched to each point of the manifold M. The
associated Lie algebra connection is then so(N — 1)-valued. In particular, so(3) = su(2)
and so(2) = u(1).

In this fashion the familiar gauge fields may be recoverable as a basic feature of coarse
graining. There are, of course, many other causal sets which give C upon coarse graining.
It is possible that other fields may arise from these. It may be possible that these causal
sets do not contribute to the sum over histories. For instance, consider a causal set C;
which has a subposet C, which will be replaced by a link upon coarse graining, yielding
the set C. Consider another causal set C» which has a subpeset TC,, the time reverse of
C,, which also will be replaced by a link upon coarse graining, yielding the same set C.
An action having the property

S(Cz)=S(Cy) £t
for such related causal sets C; and Cz, has the feature that only time-symmetric subposets
will contribute to the sum over histories. Similar conditions may further limit the number
of contributing causal sets. The point is that highly symmetric subposets will survive such
“paring conditions”. Such considerations might even prove helpful in defining a suitable
action principle, since the known gauge fields should result from the causal set theory.

Spin-Statistics Theorems : Spin-Statistics theorems play an important role in current

physical theories. Theorems have been proven using topological notions which rely upon
the continuous nature of configuration spaces.!®~1*) Field theory proofs rely upon the
algebra of field operators; presumably this algebra embodies the topological properties
which are the true source of the association between spin and statistics.

The theory of causal sets, being discrete, cannot incorporate the topological proofs,
except in a continuum approximation. Perhaps there is some more fundamental geometric

property which is responsible for the association that both discrete and continuum sets
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share.

Statistics involves the behavior of a system under exchange of two identical elements
of that system. For greater than 2+1 dimensions, if exchange is denoted by E, then E%=1,
the identity transformation on the system. In classical mechanics this is all that may be
said. In quantum mechanics the indistinguishability of the objects leads to the further
relation E=+1. Thus, statistics has two algebras: 1 for bosons and Z; for fermions.

Spin involves the behavior of a system under a 27 rotation of an element of that
system. Classically R(2r) = 1, but quantum theory allows the possibility of R(2r) = £1,
+1 being for tensorial objects and —1 for spinorial objects. The key question is what
geometric feature allows the spinorial possibility.

The proof that R(4r) = 1 is a homotopy between a 4 rotation and no rotation at all.
Dirac’s scissors'® is a familiar demonstration of this homotopy. Another demonstration is
that given in Misner,Thorne,and Wheeler.!®) It involves the rotation of an object which is
tied to a supporting structure which is not rotated. The 47 rotation can be continuously
deformed to no rotation without further rotation of the object. (This relative rotation also
plays a key role in the discussion of spin properties of topological geons.!”)) Thus R?(2x) =
1 is guaranteed. [There is no homotopy between the 27 rotation and the identity.]

If in this example the ties to the supporting structure are cut, a 27 rotation followed
by reattachment will reproduce the same configuration. This suggests the proposition that
it is the connectivity of the relevant structures that is important to understanding spin.
Furthermore, a discussion of which manifolds support spinor structures emphasizes the
global connective structure of the manifold.!® Continuous topology is in fact precisely the
siructure which encodes such connectivity information. Thus, it seems probable that this
is the feature which is key to the spin-statistics correlation.

The causal set theory does have connectivity information. At first glance this may
seem to be untrue, as the relevant connective structure is that of spacelike hypersurfaces
of a manifold. The analogous structure in the causal set theory is that of an anfi-chain, a
set of points with no two points related. Such a collection superficially looks like a “dust”,
a collection of points with no structure. However, the points still have all their relations,

which define a structure. In particular, the links to these points can play the role of the
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connecting ties that are required to demonstrate R(4r) = 1. It might be objected that
links are not spacelike ties. This is not a real objection, as all that is important in the
homotopy is that there is a rotated region tied to an unrotated region.

[This discussion is only meant to be suggestive. How to rigorously exploit the con-
nective structure of causal sets to give a spin-statistics theorem when homotopies are
undefinable in the traditional sense is not immediately apparent.]

The association between spin and statistics depends upon two logically distinct fea-
tures: (i) the mysterious fact (first noted by Feynman'?)) that antiparticles can be thought
of as particles travelling backward in time, and (ii) the phenomena of creation and annihila-
tion of particle-antiparticle pairs. It is one of the ingenious features of Feynman diagrams
that they combine these features to appear naturally as two aspects of the same phe-
nomenon. Together, these two features yield a spacetime homotopy between 27 rotation
of a single particle and exchange of two identical particles.

An interesting question is if the continuum proofs can be extended to causal sets.
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Appendix 1

This appendix contains Fortran routines which were run on a VAX computer. They sprin-
kle a region of 141 Minkowski spacetime upon which a collection of scalar fields are defined.
This gives scalar fields defined on a causal set. The inverse Green’s function action is cal-
culated for these fields. Several runs are performed and statistics are calculated.

The routines RAN1, RAN3, LUDCMP, and LUBKSB are taken from the book Numerical

Recipes®).
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PROGRAM MAIN
implicit double precision(a-h,o0-z)
parameter nfncs=12
parameter bad=[talk to rafael about value]
character*30 fnstring(nfncs)
dimension av(nfncs),sq(nfncs)
data fostring/’x’,’t’, u=x+t’,"v=x-t","[(u-1)(u+1)(v-1)(v+1)]2’,
*(1+COSpiu)(1+COSpiv)’, x[(u-1)(u+1)(v-1)(v+1)]2’,
*t[(u-1)(u+1)(v-1)(v+1)]2’,’x(1+COSpiu)(1+COSpiv)’,
’t(14-COSpiu)(1+COSpiv)’,’ (1+COS5piu)(1+COS5piv)’,
(1wl 1) (- )(v-1)(v+ 12/
istop=300
n=0
10 do j=1,nfncs
15 x=pobox(i,j,tax)

print *, RUN #°,

print *, FUNCTION ’,fnstring(j)

if ((tax.gt.bad).or.(tax.lt.-bad)) then

print *," ill conditioned matrix’

++ + +

print *,’ skipped over’
goto 10
end if
n=n+1
if (n.eq.1) goto 20
sa(j)=sa(i)*(n-2)
sa(i)= sa(j) + (av(i)**2)*(n-1)
20 av()=((a-1)*av(j)+x)/n
if (n.eq.1) goto 30
sq(j)=sq(i)-n*(av(i)**2)
sq(j)=sq(j)+x**2
sq(j)=sq(j)/(n-1)
30 print *,’ action =’x
print *,n,’ data points give:’
print *,” running average=",av(j)
print *,’ running standard deviation=",sq(j)**.5
print *,’ running standard error of the mean=",(sq(j)/n)**.5
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40 print *
end do
if (n.lt.istop) goto 10
end
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DOUBLE PRECISION FUNCTION POBOX(little_dumb,jfn,tax)

nexp := expectation value of number of points to be sprinkled
fr := 2 x diagonal value of A§ + C (i.e. fr = 2])
ndim := number of dimensions, 2 or 4

a o 6 o0 o6

parameter nfncs=12
parameter nexp=200
parameter mex=nexp+3*INT(SQRT(nexp))
parameter ndim=2
parameter fr=.5
dimension 1(mex,mex)
double precision f(mex,nfncs),c(mex,4),cin(mex,mex)
double precision dummy(mex,mex),indx(mex)
dimension icheck(mex,mex)
double precision pi,tax,sum,s,action(nfncs)
c dimension lilac(42)
c dimension lilac(2)
character*3 meth
common pi

meth="sym’ gives symmetric
green’s function

meth="ret’ gives retarded
green’s function

o 0 o0 a6 60 a6 o0

meth=’sym’

meth="ret’

data lilac/111222,111333/

data llac/111222,111333,111444,111555,111666,111777,111888,
111999,222111,222333,222444,222555,222666,222777,222888,
222999,333111,333222,333444,333555,333666,333777,333888.
333999,444111,444222,444333,444555,444666,444 777 444888,
444999,555111,555222,555333,555444,555666,555777,555888,
555999,314159,271828/

if (jfn.gt.1) goto 200

o o a o o6 0 0

+ + + + +
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pi=2*dasin(1.0d0)

iseed=itime(1)

sk ek ok ks sk etk o ok ko sk sk ks sk ok ok ok ok
to make portable, the call for time in

ITIME must be modified to correct form

for specific machine being used
s stk s ok o s sk ok sk sk ok sk sk sk kR Sk ks sk sk ko sk ok o

iseed=456657456

the array lilac can be used to provide
prespecified seeds for ran3

iseed=lilac(little_dumb)
print *,” RUN #’ little_.dumb
print *,” iseed=",iseed
x=ran3(-iseed)
n=npt(nexp,iseed)
n=6
if (n.gt.mex) goto 10
if (little_dumb.eq.1) goto 111
doi=1,n
do j=in
cin(j,i)=0.
dummy((j,i)=0.
icheck(j,i)=0
1(3,i)=0
cin(i,j)=0.
dummy(i,j)=0.
icheck(i,j)=0
1(i,j)=0
end do
end do

e ke ok 3k ok 3 ok sk 3k ook ek Sk ok ke sk sk sk ke ok ok ok sk ok ok ok ok ok o ke e Sk ok ok ke ke sk sk ok sk okskok ok ok

. This allows interactive control over

# of points and iseed
print *,” input # of points:’
read *,n
print *,’ type in random seed(6 digits or less):’

55



c read *,iseed
stk ek sk ks ok ke ok ok sk ks s ok ks sk ko sk ok o oo ok ok o
111 print *,” number of points =’,n
call sprinkle(mex,n,ndim,c,f,iseed,nfncs)
print *,’ coordinates :’
print *,((c(i,j),j=1,ndim),i=1,n)
print *,’ field values :’
print *,(£(i,9),i=1,n)
call setc(mex,n,c,ndim,l)
print *,” causal matrix :’
print *,((l(i,j),j:l,n),i:l,n)
call relab(mex,n,),f;nfncs)
print *,’ relabelled causal matrix :’
print *,((1(i,j),j=1,n),i=1,n)
print *,’ relabelled field values :
print *,(f(i,9),i=1,n)
if {(ndim.eq.4) call link(mex,l,n)
if (meth.eq.’ret’) call gret(mex,n,l,dummy,icheck,fr)
if (meth.eq.’sym’) then
call gsym(mex,n,l,dummy,icheck)
call discardl(mex,n,dummy,icheck,f,nfncs)
call discard2(mex,n,dummy,icheck,f,nfncs)
print *,’ number of points (after discards) =’,n
end if
c print *, matrix to be inverted :’
c print *,((dummy(i,j),j=1,n),i=1,n)
c print *,((icheck(i,j),j=1,n),i=1,n)
call inv(mex,n,dummy,cin,indx)
print *,” inverse of causal matrix :’
c print *,((cin(i,j),j=1,n),i=1,n)
tax=0.0
if (meth.eq.’sym’) then
do i=1,n

a a6 oo

a o

H

o 6o o060

do j=1,n
sum=0.0
do k=1,n
if (i.eq.k) then

sum=sum+Ifr*cin(k,j)
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goto 13
end if
sum=sum-+icheck(i,k)*cin(k,j)
end do

print *,’ identity matrix elements :’

fyry
(Y]

a o

print *,i,j,sum
if ((i.eq.j).and.(dabs{sum-1.).gt.tax)) tax=dabs(sum-1.)
if ((i.ne.j).and.(dabs(sum).gt.tax)) tax=dabs(sum)
end do
end do
end if
do j=1,nfncs
s=act(mex,n,cin,f,j,nfncs)
if (meth.eq.’sym’) s=4*s
if (meth.eq.’ret’) s=2%s
action(j)=s
end do
200 pobox=action(jfn)
end
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FUNCTION ITIME(n)

this routine generates a seed for ran3 based on the
time of day. it works on a VAX and must be alterred
to work on other machines.

[T« I « B « I <]

character *23 date
character a,b,c,d,e,f
call lib§date_time(date)
a=date(14:14)
b=date(17:17)
c=date(19:19)
d=date(20:20)
e=date(22:22)
f=date(23:23)
if ((ichar(e).eq.0).and.(ichar(f).eq.0)) goto 10
itime=(ichar(e)-48)*10000(ichar(d)-48)*1000
+ itime=itime+ (ichar(c)-48)*100
itime=itime+(ichar(b)-48)*10-ichar(a)-48
itime=itime+(ichar(f)-48)*100000
x=ran3(-itime)
10 x=ran3(1)
if (x.1t.0.1) goto 10
itime=int(x*1000000.)

end
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FUNCTION NPT(nexp,iseed)

this routine calculates a random
number according to a poisson distribution
with expectation value nexp

a o o6 6 6

x=ran3(iseed)
n=nexp
p=0
j=0
100 p=p+pdv(j,n)
if (x.1t.p) goto 200
=i+l
goto 100
200 npt=j
end

FUNCTION PDV(i,n)
=0
do j=1,i
f=f+alog(real(j))
end do
pdv=i*alog(real(n))-f-real(n)
pdv=exp(pdv)
end
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SUBROUTINE SPRINKLE(mex,n,ndim,coor,field,iseed,nf)

this routine sprinkles points into an
Alexandrov neighborhood of 1+1 (when ndim=2) or
3+1 (when ndim=4) Minkowski space

a o 0 600

double precision pi,x1,x2,x3,x4,x,t,coor(mex,4),field(mex,nf)
common pi
print *,’ a4 start of routine sprinkle iseed is’,iseed
iseed=-iseed
doi=1,n
x1=ran3(iseed)
x2=ran3(iseed)
if (ndim.eq.4) then
x3=ran3(iseed)
x4=ran3(iseed)
end if
if (ndim.eq.2) then
coor(i,1)=x1-x2
coor(i,2)=x1+x2-1
end if
if (ndim.eq.4) then
coor(i,4)=2%x4-1
coor(i,1)=x1**(1./3)*coor(i,4)
coor(i,2)=dacos(1-2*x2)
coor(i,3)=2%pi*x3
end if
x=coor(i,1)
t=coor(i,ndim)
do j=1,nf
field(i,j)=fld(x,t,j,nf)
end do
end do

end
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DOUBLE PRECISION FUNCTION FLD(x,t,j,nfncs)
double precision x,t,pi,u,v
common pi
u=x-+t
v=x-1
if (j.eq.1) ild=x
if (j.eq.2) fld=t
if (j.eq.3) fld=u
if (j.eq.4) fld=v
if (j.eq.5) then
fld=(u-1)*(u+1)*(v-1)*(v+1)
fid=Ad**2
end if
if (j.eq.6) ld=(1+dcos(pi*u))*(1+dcos(pi*v))
if (j.eq.7) then
fld=(u-1)*(u+1)*(v-1)*(v+1)
fid=Ald**2
fild=x*fld
end if
if (j.eq.8) then
fld=(u-1)*(u+1)*(v-1)*(v+1)
fld=fld**2
fild=t*Ad
end if
if (j.eq.9) fld=x*(1+dcos(pi*u))*(1+dcos(pi*v))
if (j.eq.10) id=t*(1+dcos(pi*u))*(1+dcos(pi*v))
if (j.eq.11) fld=(1+dcos(5.*pi*u))*(1+dcos(5.*pi*v))
if (j.eq.12) then
fld=(u-1)*(u+1)*(v-1)*(v+1)
fld=fld**2
fld=(1-u)*fid
end if
if ((j.1t.1).or.(j.gt.nfncs)) then
print *,” function # out of range’
call halt
end if
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end
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FUNCTION RAN3(idum)
c initially call with a negative integer
implicit real*4(m)
parameter mbig=4000000.,mseed=1618033.,mz=0.,fac=1./mbig
dimension ma(55)
data iff /0/
if ((idum.lt.0).or.(iff.eq.0)) then
iff=1
mj=mseed-iabs(idum)
mj=mod(mj,mbig)
ma(55)=mj
mk=1
do i=1,54
fi=mod(21*i,55)
ma(ii)=mk
mk=mj-mk
if (mk.lt.mz) mk=mk+mbig
mj=ma(ii)
end do
do k=1,4
do i=1,55
ma(i)=ma(i)-ma(1+mod(i+30,55))
if (ma(i).lt.mz) ma(i)=ma(i)+mbig
end do
end do
inext=0
inextp=31
idum=1
end if
inext=inext+1
if (inext.eq.56) inext=1
inextp=inextp+1
if (inextp.eq.56) inextp=1
mj=ma(inext)-ma(inextp)
if (mj.]lt.mz) mj=mj+mbig
ma(inext)=mj

63

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ran3=mj*fac
return
end
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SUBROUTINE SETC(mex,n,c,ndim,]l)

c this routine sets the causal matrix

dimension 1(mex,mex)

double precision c(mex,4)

double precision dx,dy,dz,dt,ds2

if (ndim.eq.4) then

do i=1,n-1

do j=i+1,n
dx=c(i,1)*dsin(c(i,2))*dcos(c(i,3))
dx=dx-c(j,1)*dsin(c(j,2))*dcos(c(j,3))
dy=c(i,1)*dsin(c(i,2))*dsin(c(i,3))
dy=dy-c(j,1)*dsin(c(3,2))*dsin(<(j,3))
dz=c(i,1)*dcos(c(i,2))-c(j,1)*dcos(c(j,2))
dt=c(i,4)-c(j,4)
ds2=dx**2+dy**2+dz**2-dt**2
if (ds2.gt.0) goto 100
if (dt.gt.0) 1(3,i)=1
if (dt.14.0) 1(i,j)=1
100 end do

end do

end if

if (ndim.eq.2) then

do i=1,n-1

do j=i+1,n
dx=c(i,1)-c(j,1)
dt=c(i,2)-<(j,2)
ds2=dx**2-dt**2
if (ds2.gt.0) goto 200
if (dt.gt.0) 1(3,i)=1
if (dt.14.0) 1(i,j)=1
200 end do
end do
end if

end
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SUBROUTINE RELAB(mex,n,l,f,nfs)

this routine relabels causal matrix
so that it is in upper triangular form

a 6 o0 0

dimension l(mex,mex)
double precision x,f(mex,nfs)
do i=n,2,-1
50 do j=1,i-1
if (1(i,j).eq.0) goto 100
do k=1,n
m=I(i,k)
16,)=1(5K)
1(j,k)=m
end do
do k=1,n
m=l(k,i)
I(ki)=1(k,j)
I(k,j)=m
end do
do k=1,nfs
x=1(i,k)
£(3,%)=£(3 k)
f(j,k)=x
end do
goto 50
100 end do
end do

end
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SUBROUTINE GSYM(mex,n,l,dummy,icheck)

this routine sets the symmetric
green’s function matrix

a a6 a6 o0

dimension 1(mex,mex),icheck(mex,mex)
double precision dummy(mex,mex)
diag=0.0
idiag=0
do j=2,n
do i=1,j-1
dummy(i,§)=1(:)
dummy(3)=1G.i)
icheck(i,j)=1(i,])
icheck(j,i)=1(i,j)
end do
dummy(j,j)=diag
icheck(j,j)=idiag
end do
dummy(1,1)=diag
icheck(1,1)=idiag
end
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SUBROUTINE GRET(mex,n,l,dummy,icheck,fr)

this routine sets the retarded

_green’s function matrix

o & o o0

dimension 1(mex,mex),icheck(mex,mex)
double precision dummy(mex,mex)
do j=2,n
do i=1,j-1
dummy (i) =1(i)
dummy(j,i1)=0.0
icheck(i,j)=1(i,j)
icheck(j,i)=0
end do
dummy(j,j)=fr
end do
dummy(1,1)=fr
end
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a o6 o 6

10

20

30
49

SUBROUTINE DISCARD1(mex,n,du,ich,f,nfncs)

this routine locates any rows of zeros which occur
in the green’s function matrix and cals the routine del

dimension ich(mex,mex)

double precision du(mex,mex),f(mex,nfncs)

if (n.eq.1) then
print *, matrix of rank 1 and so no deletion possible’
print *,” exiting discardl immediately’
goto 40

end if

if (n.lt.1) then
print *,” matrix of rank < 1 not possible ¥’
call halt

end if

i=0

i=i+1

j=0

j=i+1

if (ich(i,j).eq.1) goto 30

if (j.lt.n) goto 20

call del(mex,n,ich,du,i,f,nfncs)

print *,” a row of zeros has been deleted’

i=i-1

if (i.lt.n) goto 10

end

SUBROUTINE HALT

print *,’ execution of program halted’
stop
end
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SUBROUTINE DISCARD2(mex,n,du,ich,f,nfncs)

this routine locates duplicate rows from the green’s
function matrix and calls the routine del

a o0 6o o 0

dimension ich(mex,mex)
double precision du(mex,mex),f(mex,nfncs)
if (n.eq.1) then
print *,” matrix of rank 1 and so no deletion possible’
print *, exiting discard 2 immediately’
goto 50
end if
if (n.]t.1) then
print *,” matrix of rank < 1 not possible !’
call halt
end if
i=0
10 i=i+1
j=i
20 =j+1
k=0
30 k=k+1
if (ich(i,k).ne.ich(j,k)) goto 40
if (k.1t.n) goto 30
call del(mex,n,ich,du,j,f,nfncs)
print *,” non-Hegelian point has been removed’
j=i1
40 if (j.1t.n) goto 20
if (i.lt.n-1) goto 10
50 end
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SUBROUTINE DEL(mex,n,ich,du,i,f,nfncs)

this routine deletes the specified row and column
of the green’s function matrix and the associated
element of the array of field values

a o o a6 o

dimension ich{mex,mex)
double precision du(mex,mex),f(mex,nfncs)
if (n.le.1) then
print *,’ matrix of rank < 2 and so will not delete’
call halt
end if
if ((i.1t.1).or.(i.gt.n)) then
print *,” trying to delete point which does not exist
call halt
end if
if (i.eq.n) goto 10
do k=i+1,n
do m=1,n
du(k-1,m)=du(k,m)
ich(k-1,m)=ich(k,m)
end do
do je=1,nfncs
f(k-1,jc)=1(k,jc)
end do
end do
do m=1,n-1
do k=i+1,n
du(m,k-1)=du(m,k)
ich(m,k-1)=ich(m,k)
end do
end do
10 n=n-1
end
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SUBROUTINE INV(np,n,a,y,indx)

this routine is a bridge between
pobox and the inversion routines

a o6 o 6

dimension indx(np)
double precision a(np,np),y(np,np)
do i=1,n

do j=1,n

y(j:i)=0.

end do

y(i,i)=1.
end do
call ludemp(a,n,np,indx,d)
do j=1,n

call lubksb(a,n,np,indx,y(1,j))
end do

end
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SUBROUTINE LUDCMP(a,n,np,indx,d)
parameter nmax=1000
parameter tiny=1.0e-10
dimension indx(n)
double precision aamax,sum,dum,a(np,np),vv(nmax)
d=1.
doi=1mn
aamax=0.
do j=1,n
if (dabs(a(i,j)).gt.-aamax) aamax=dabs(a(i,j))
end do
if (aamax.eq.0) pause ’Singular matrix’
vv(i)=1./aamax
end do
do j=1,n
if (j.gt.1) then
do i=1,j-1
sum=a(i,])
if (i.gt.1) then
do k=1,-1
sum=sum-a(i,k)*a(k,j)
end do
a(i,j)=sum
end if
end do
end if
aamax=0.
do i=j,n
sum=a(1,j)
if (j.gt.1) then
do k=1,5-1
sum=sum-a(i,k)*a(k,j)
end do
a(i,j)=sum
end if
dum=vv(i)*dabs(sum)
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if (dum.ge.aamax) then
imax=i
aamax=dum
end if
end do
if (j.ne.imax) then
do k=1,n
dum=a(imax,k)
a(ima‘xak)=a'(j7k)

a(j,k)=dum
end do
d=-d
vv(imax)=vv(j)

end if

indx(j)=imax

if (j.ne.n) then
if (a(jj)-€a.0.) a(jij)=tiny
dum=1./a(j,j)

do i=j+1,n
a(i,j)=a(i,j)*dum
end do
end if
end do
if (a(n,n).eq.0.) a(n,n)=tiny
end
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SUBROUTINE LUBKSB(a,n,np,indx,b)
dimension indx(n)
double precision sum,a(np,np),b(n)
ii=0
doi=1,n
l=indx(i)
sum=b(1l)
b(l1)=b(3)
if (ii.ne.0) then
do j=ii,i-1
sum=sum-a(i,j)*b(j)
end do
else if (sum.ne.0.) then
ii=i
end if
b(i)=sum
end do
do i=n,1,-1
sum=b(i)
if (i.lt.n) then
do j=i+1,n
sum=sum-a(i,j)*b(j)
end do
end if
c print *,sum,a(i,i)
b(i)=sum/a(i,i)
end do

end
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DOUBLE PRECISION FUNCTION ACT(mex,n,c,f,jl,nfncs)

this routine calculates the action
up to a constant factor

[« N < I e B 2}

double precision ¢(mex,mex),f(mex,nfncs),pi,sum
common pi
sum=0
doi=1;n

do j=1,n

sum=sum-+f(i,jl)*c(j,1)*{(j.jl)

end do
end do
act=sum
end
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SUBROUTINE LINK(mex,k,num)

this routine takes an input causal matrix
and replaces it with its link matrix

a o o a

dimension k(mex,mex),kh(1024,1024)
do i=1,num-1
do j=i+1,num
kh (i) =k(ii)
end do
end do
do i=1,num-1
do j=i+1,num
do 1=1,num
if ((k(i,l).eq.1).and.(k(1,j).eq.1)) goto 10
end do
goto 20
10 k(i,j)=0
20 end do
end do
do i=1,num-1
do j=i+1,num
k(i) =Kh(ii)
end do
end do

end
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Appendix 2

This appendix contains Fortran routines which were run on a VAX computer. They enu-
merate the connected partial ordered sets definable on N elements for N< 7 (larger N’s

take excessive time to run). Other related data are also collected, as described in Part IV.
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PROGRAM GENPOS

parameter npts="7

parameter newfils=npts-6

parameter ninvrows=4*(1-npts/7)+(npts/7)*(4+3*newfils)
parameter linksize=((npts**2-(1-(-1)**npts)/2)/4)+1
parameter nspaces=npts*(npts-1)/2

character causal(npts,npts),lmat(npts,npts),lorg(npts,npts)
character ch(npts,npts),ch2(npts,npts)

character ch3(npts,npts),ch4(npts,npts),ch5(npts,npts)
character link2(npts,npts),causal2(npts,npts)

character ci

dimension nlf2(ninv;ows,npts),ninv2(ninvrows,npts)
dimension nlf(ninvr;)ws,npts),ninv(ninvrows,npts)
dimension nlfh(ninvrows,npts)

dimension incl(npts,npts),nincl(npts),ipts(npts)

dimension inclh(npts),itemp(npis)

dimension nprel(npts-1:nspaces)

dimension npcov(npts-1:linksize-1)

common np,lnksz,nlinks,link(linksize)

common /count/npt

calculated data are recorded in file genpos.dat
the file genpos.cnt holds the number of accumulated
causal sets as the program runs, as an indicator

to monitor its progress

open (unit=2,file="genpos.dat’,status="new’)
open (unit:(),ﬁle:’genpos.cnt’,status=’new’)
write (0,%)0

close (0)

npt=npts

np=npts

istart := smallest number of links possible
connected causal set
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istop := largest number of links possible

istart=npts-1
istop=Ilinksize-1
Inksz=linksize
nposet=0

nmatcon=0

do nlinks=istart,istop
do nlinks=istart,istart

open files within which data
is accululated

o a0 o ¢ o

do ill=1istart
do jill=1,npts-ill
moo=il1*10+jill
open (unit=moo,status="scratch’,
+ form="unformatted’)
c open (unit=moo,status="new’ form="unformatted’)
end do
end do

initialize link configuration

]

do j=1,nlinks
link(j)=nspaces-nlinks-j
end do
link(nlinks+1)=0
50 do i=1,npts
do j=1,npts
causal(i,j)="0’
Imat(i,j)="0’
lorg(i,j)="0’
ch(i,j)="0’
ch2(i,j)="0’
ch3(i,j)="0’
end do
end do
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do i=1,istart
do j=i+1,npts

if (1(i,j).eq.1) then
lorg(i,j)="1"
causal(i,j)="1
ch(i,j)="1’
ch(j,i)="1’
ch2(i,j)="1
ch2(j,i)="1

end if
end do
end do
c
c calculate causal matrix from link matrix
c
do k=1,istart-1
do i=k+1,istart
if (causal(k,i).eq.’0’) goto 100
do j=i+1,npts
if ((causal(i,j).eq.’1’).and.
+ (causal(k,j).eq.’0’)) then
causal(k,j)="1’
ch(k,j)="1’
ch(j,k)="1’
ch2(k,j)="1’
ch2(j,k)="1’
end if
end do
100 end do
end do
do i=1,npts
ch(i,i)="1’
ch2(i,i)="1’
end do
c
c calculate link matrix from causal matrix
c

do i=1,istart
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do k=i+1,npts

if (causal(i,k).eq.’0’) goto 150

do j=i+1,k-1
if ((causal(i,j).eq.’1’).and.

+ (causal(j,k).eq.’1’)) goto 150
end do
lmat(i,k)="1’
150 end do
end do

test if original ’link matrix’ is valid link matrix
by comparing with calculated link matrix

[ TR o Y « B «

do i=1,istart
do k=i+1,npts
if (lorg(i,k).ne.lmat(i,k)) goto 300
end do
end do

test if causal set is connected by looking for zero
entries in (1 + C + CT)(N-l)

a o 6 a6

do k=2,istart
do i=1,istart
do j=i+1,npts
do m=1,npts
if ((ch2(i,m).eq.’1’).and.
+ (ch(m,j).eq.’1’)) then
ch3(i,j)="1’
goto 160
end if
end do
ch3(i,j)="0’
160 end do
end do
do i=1,istart
do j=i+1,npts
ch2(i,j)=ch3(1,j)
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ch2(j,i)=ch3(i,j)
end do
end do
do i=1,istart
do j=i+1,npts
if (ch2(i,j).eq.’0’) goto 170

end do

end do

goto 180
170 end do

goto 300

c
c counting number of connected matrices
c
180 nmatcon=nmatcon+1
c

accumulate data about the causal set

do i=1,istart
isuml1=0
isum2=0
do j=i+1,npts
if (Imat(i,j).eq.’1’) isuml=isum1-+1
if (causal(i,j).eq.’1’) isum2=isum2+1
end do
nlf(1,i)=isuml
nlf(3,i)=isum?2
nlfh(1,i)=isuml
nlfh(3,i)=isum2
end do
do i=2,npts
isum1=0
isum2=0
do j=1,-1
if (Imat(j,i).eq.’l’) isuml=isum1+1
if (causal(j,i).eq.’1’) isum2=isum2+1
end do

nlf{2,i)=isuml
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nlf(4,i)=isum2

nifh(2,i)=isum1l

nlfh(4,i)=isum?2
end do

from accumulated data generate invariant matrices
to be used to identify relabellings

a o 6 o0

do j=1,4
do m=0,istart
isum1=0
do n=1,npts
if (nlf(j,n).eq.m) isuml=isuml+1
end do
ninv(j,m+1)=isum1l
end do
end do

c accumulate additional data for large N’s

if (npts.1t.7) goto 190
do i=1,istart
ch(i,i)="0’
ch2(i,i)="0’
ch4(i,i)="0’
do j=i+1,npts
ch(i,j)=lorg(i,)
ch(ji)="0"
ch2(i,j)=lorg(i,j)
ch2(j,i)=lorg(i,})
ch3(i,j)="0’
ch4(i,j)=lorg(i,j)
ch4(j,i)=lorg(i,j)

end do
end do
ch(npts,npts)="0’
ch2(npts,npts)="0’
ch4(npts,npts)="0’
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do nfil=1,newfils
invnum=2+3*nfil
do i=1,istart
ifor=0
do j=i+1,npts
do k=i+1,j-1
if ((ch(i,k).eq.’1’).and.
+ (lorg(k,j).eq.’1’)) then
ch3(i,j)="1’
ifor=ifor+1
goto 185
end if
end do
ch3(i,j)='0’
185 end do
nlf(invnum,i)=ifor
nlfh(invnum,i)=ifor
end do
do j=2,npts
ibak=0
do i=1,j-1
if (ch3(i,j).eq.’1’) ibak=ibak+1
end do
nlf(invoum+1,j)=ibak
nlfh(invnum+1,j)=ibak
end do
do j=1,npts
do i=1,npts
do k=1,npts
if ((ch2(i,k).eq.’1’).and.
+ (ch4(k,j).eq.’1’)) then
ch5(i,j)="1’
goto 186
end if
end do
ch5(i,j)="0’
186 end do
end do
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do i=1,npts
ipath=0
do j=1,npts
it (ch5(i,j).eq.’1’) ipath=ipath+1
end do
nlf(invnum+2,i)=ipath
nlfh(invonum+2,i)=ipath
end do

c generate additional invariants

do mars=0,istart
icount1=0
icount2=0
icount3=0
do i=1,npts
if (nlf(invnum,i).eq.mars) then
icountl=icountl+1
end if
if (nlf(invnum-+1,i).eq.mars) then
icount2=icount2+1
end if
if (nlf(invnum+2,i).eq.mars) then
icount3=icount3+1
end if
end do
ninv(invnum,mars+1)=icountl
ninv(invnum+1,mars+1)=icount2
ninv(invnum+2,mars-+1)=icount3
end do
if (nfil.eq.newfils) goto 188
do i=1,istart
do j=i+1,npts
ch(3,§)=ch3(i)
end do
end do
do j=1,npts
do i=1,npts
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ch4(i,j)=ch5(i,j)

end do
end do
188 end do
c
c moo := hashing parameter based on number of
c minimal and maximal elements
c

moo=ninv(1,1)*10+ninv(2,1)
rewind moo
icount=0

test if moo is a bad value and printout data

for examination

a6 a 6 o

if (moo.1t.11) then
print *,’ moo calculated to be’,;moo,’ from this data’
print *,’nlf:’
do i=1,ninvrows
print *,(nlfh(i,j),j=1,npts)
end do
print *,’ninv:’
do i=1,ninvrows
print *,(ninv(i,j),j=1,npts)
end do
print *,” Poset #’,nposet,’ : ’,
+ (lorg(l,j),j:l,npts),’ ’,
+ (causal(1,j),j=1,npts)
do i=2,npts
print *,” 7,
+ (lorg(i,j),j=1,npts),” ’,(causal(i,j),j=1,npts)
end do
print *
stop
end if

c compare causal set with previously retained sets
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192 read(moo,end=1310)link2,causal2,nlf2,ninv2
icount=icount+1
do j=1,npts
do i=1,ninvrows
if (ninv(i,j).ne.ninv2(i,j)) goto 192
end do
end do

test possibility of causal set being a relabelling
of previous set by reordering accumulated data

to try and match

a a6 o o o0

190 do i=1,npts
do j=1,ninvrows
if (nlf2(j,i).ne.nlf(j,i)) goto 1000
end do
goto 1200
1000 if (i.eq.npts) goto 192
do j=i+1,npts
do k=1,ninvrows
if (nlf2(k,i).ne.nlf(k,j)) goto 1100
end do
do k=1,ninvrows
mice=nlf(k,i)
nlf(k,i)=nlf(k,j)
nlf(k,j)=mice
end do
do k=1,npts
ci=lmat(k,i)
Imat(k,i)=lmat(k,j)
Imat(k,j)=ci
end do
do k=1,npts
ci=lmat(i,k)
Imat(i,k)=lmat(j,k)
lmat(j,k)=ci
end do
goto 1200
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1100

1200

a o a0 o

1220
1230
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end do
goto 192
end do

test for match of link matrices. if no match then
identify classes of permutable labels based on the
accumulated data

do i=1,istart
do j=i+1,npts
if (lmat(i,j).ne.link2(i,j)) then
ncl=1
do m=1,npts
ipts(m)=m
nincl(m)=1
do n=1,npts
incl(m,n)=0
end do
end do
nleft=npts
n=2
if (n.gt.nleft) goto 1250
do k=1,ninvrows
if (nlf(k,ipts(1)).ne.
nlf(k,ipts(n))) then
n=n+1
goto 1230
end if
end do
nincl(ncl)=nincl(ncl)+1
incl(ncl,1)=ipts(1)
incl(ncl,nincl(ncl))=ipts(n)
nleft=nleft-1
if (n.gt.nleft) goto 1250
do k=n,nleft
ipts(k)=ipts(k+1)
end do
goto 1230
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1250 if (nleft.le.2) goto 2000
nleft=nleft-1
do k=1,nleft

ipts(k)=ipts(k+1)

end do
if (nincl(ncl).eq.1) goto 1220
ncl=ncl+1
goto 1220
2000 icl=1
c
c test permutations of labels and test against
c previously retained matrix
c
2100 lulu=0

do m=1,nincl(icl)
inclh(m)=incl(icl,m)
end do
call nextperm(icl,nincl(icl),incl,lulu,
+ npts)
if (lulu.eq.1) goto 2200
do m=1,nincl(icl)-1
if (incl(icl,m).eq.inclh(m))
+ goto 2120
do n=m-+1,nincl(icl)
if (incl(icl,m).ne.
+ inclh(n)) goto 2110
do k=1,npts
ci=lmat(inclh(m),k)
Imat(inclh(m),k)=
+ Imat(inclh(n),k)
Imat(inclh(n),k)=ci
end do
do k=1,npts
ci=lmat(k,inclh(m))
Imat(k,inclh(m)
+ Imat(k,inclh(n
Imat(k,inclh(n))=ci

end do

)=
)
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mice=inclh(m)
inclh(m)=inclh(n)
inclh(n)=mice
goto 2120
2110 end do
2120 end do
do m=1,istart
do n=m+1,npts
if (Ilmat(m,n).ne.
+ link2(m,n)) goto 2000
end do
end do
goto 300
2200 if (icl.eq.ncl) goto 192
do m=1,nincl(icl)
itemp(m)=incl(icl,m)
end do
do m=1,nincl(icl)
incl(icl,m)=itemp(nincl(icl)+1-m)
end do
icl=icl+1
goto 2100
end if
end do
end do
goto 300

after surviving uniqueness tests,
save data and accumulate counts

6 6 6 o

1310 write(moo)lorg,causal,nlfh,ninv
nposet=nposet+1
nrel=0
do i=1,istart
do j=i+1,npts
if (causal(i,j).eq.’1’) nrel=nrel+1
end do
end do
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nprel(nrel)=nprel(nrel)+1
npcov(nlinks)=npcov(nlinks)+1
c write (unit=2,fmt=*)—nlinks=",nlinks,” npcov(nlinks)=’,
c + npcov(nlinks),” —-nrels=",nrel
CHRRRR R ROR R R R AR K
c want now to write the number of posets so that if
c program crashes, can know how many were collected
c to that point
open (unit=0,file="genpos.cnt’status="old’)
rewind 0
write (0,*)nposet
close (0)
sk ok ok e sk sk ok ok ok ks s sk ko okl sk sk sk ok ok ks ok ok ok ok
write (unit=2,fmt="*)"nlf’
do i=1,ninvrows
write (unit=2,fmt="*)(nlfh(i,j),j=1,npts)
end do
write (unit=2,fmt=%*)’ninv:’
do i=1,ninvrows
write (unit=2,fmt=*)(ninv(i,j),j=1,npts)
end do
write (unit=2,fmt=%*)’ Poset #’,nposet,’ : ’,
+ (lorg(l,j),j=1,npts),’ ’
+ (causal(1,j),j=1,npts)
do i=2,npts
write (unit=2,fmt=*)"’,
+ (lorg(i,j),j=1,npts),’ ’,(ca.usal(i,j),j:l,npts)
end do
write (unit=2,fmt=%*)
300 lulu=0

a o o a0 o o o0 60 60 60 0 60 0 606 60 606

(2]

get next link configuration

call nextlink(lulu)
if (lulu.eq.0) goto 50

c after finishing all link configurations,
c throw away all data so can start fresh
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do ill=1,istart
do jill=1,npts-ill
moo=ill*10-jill
close (moo)
end do
end do
end do

(¢}

printout all data

print *,’ for’,npts,’ elements there are’,;nposet,” posets’
open (unit=0,file="genpos.cnt’,status="old’)
rewind 0
write (0,*)’ for’,npts,’ points there are’,
+ nposet,’ posets’
write (0,*)’ there are’,nmatcon,’ matrices which’,
+ ? describe connected posets’
write (0,*)
write (0,*)’ # rel.s # connected posets’
write (0,¥)’ ’
do jj=istart,nspaces
write (0,%)ijnprel(ii)
end do
write (0,*)
write (0,*)” # links # connected posets’
write (0,*)’ ?
do jj=istart,istop
write (0,%)ijnpeov(j)
end do

close (0)

end

SUBROUTINE NEXTLINK((lulu)

c this routine changes the link configuration
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common npts,linksize,n,l(100)
i=0
10 i=i+1
if (1(i).eq.i) goto 10
if (i.eq.n+1) goto 20
1(i)=1(i)-1
if (i.eq.1) goto 30
do j=i-1,1,-1
1()=1(+1)-1

end do

goto 30
20 lulu=1
30 end

FUNCTION L(1,j)

this routine calculates the value of link matrix
element based upon link configuration

a o o660

common npts,linksize,nlinks,link(100)
n=isum(i,j)
do k=1,nlinks
if (link(k).eq.n) then
I=1
goto 100
end if
end do
1=0
100 end

FUNCTION ISUM(i,j)

common /count/npt

isum=0

do k=1,npt-i
isum=isum+k

end do

isum=isum-+i-j+1
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end

SUBROUTINE NEXTPERM(icl,nincl,incl,lulu,npts)

this routine performs a permutation
of labels within a permutation class

a o a o

dimension incl(npts,npts)
dimension 1h(20)
common np
lpos=1
nh=1
do i=1,npts
Ih(i)=0
end do
10 if (incl(icl,lpos).lt.incl(icl,lpos+1)) goto 20
if (Ipos.eq.npts-1) then
lulu=1
goto 40
end if
lpos=lpos+1
goto 10
20 do i=1,lpos
if ((incl(icl,i).lt.incl(icl,lpos+1)).and.(incl(icl,i).gt.nh))
+ nh=incl(icl,i)
end do
nh2=incl(icl,lpos+1)
incl(icl,lpos+1)=nh
do i=1,lpos
if (incl(icl,i).eq.nh) then
incl(icl,i)=nh2
goto 25
end if
end do
25 do i=1,lpos
m=incl(icl,i)

lh(m)=m
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end do
i=1
j=1
30 if (1h(j).eq.0) then
j=i+1
goto 30
end if
incl(icl,i)=l1h(j)
if (i.eq.lpos) goto 40
i=i+1
=it
goto 30
40 end
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